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Simulation of a pulse jet by vortex rings: simulation and experiments
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ABSTRACT
A propeller slipstream model based on toroidal vortex
(TVM) is presented. The aim is to simulate the formation
of vortex rings, which are typically associated with starting
jets or pulsed propulsion. The paper presents the model, its
numerical implementation in MATLAB and results from
simulations, that for a selected number of cases are com-
pared to model-scale tests performed in SINTEF Ocean’s
towing tank. Despite its simplicity, both theoretically and
in its implementation, the model succeeds in capturing phe-
nomena which are associated with pulsed-jets. The model
performs well for pure pulses and for pulses with long in-
tervals between them, while the model does not yield accu-
rate results for pulses in close succession.
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1 INTRODUCTION
The characteristic jet downstream of a propeller can be rep-
resented using vortex rings, also referred to as toroidal vor-
tices. The velocity discontinuity that defines the slipstream
may be modeled by a distribution of toroidal vortices sep-
arating the high-enthalpy inner region of the jet from the
surrounding flow, as described by Conway [1]. In a more
complete representation of the propeller wake, the heli-
cal vortex system associated with the propeller blades can
be complemented by a radial vortex system composed of
horseshoe vortices. In the present work, however, the ra-
dial vortex system is omitted and only the toroidal vortex
system is retained.

Because this study focuses on the formation of vortex rings
in the slipstream of a dynamically operated propeller, a dis-
tinction is made between the physical phenomenon and its
mathematical representation. The term vortex ring refers
to the physical structure observed in the flow, whereas
toroidal vortex denotes the mathematical construct used to
represent the flow field. The latter will be referred to as the
toroidal vortex model (TVM).

In the context of this paper, dynamic operation refers to
propeller operation in which the rotational speed is varied
according to a prescribed time series, hereafter referred to
as a velocity program, defined prior to the start of the ex-
periment or to the simulations.

The objective of this work is to validate a toroidal vortex
model capable of simulating the formation and evolution of
vortex rings in the propeller slipstream and of relating their
topology and temporal development to the prescribed pro-
peller loading program. The paper first presents the mathe-
matical formulation of the model and its implementation in
MATLAB. The model predictions are then compared with
experiments conducted in SINTEF Ocean’s towing tank,
and the applicability of the approach to the analysis of dy-
namically operated propellers is subsequently discussed.

The novelty of the present work lies in the application of a
toroidal vortex model to pulsed propeller operation. Simi-
lar models have previously been used to study the stability
of water jets and the wake of propellers operating under
steady conditions. In contrast to these earlier approaches,
the proposed model allows for radial variations of veloc-
ity in the slipstream, which are characteristic of propeller
flows and whose influence on vortex-ring formation has
received limited attention. Although the model is inten-
tionally simple in both its mathematical formulation and
numerical implementation, it is nevertheless able to repro-
duce several key features of dynamically generated pro-
peller jets, and it provides a computationally inexpensive
tool for exploring velocity programs that produce specific
wake structures.

2 PROPELLER SLIPSTREAM MODEL
The propeller slipstream is modeled by toroidal vortices.
At regular time intervals, toroidal vortices are released with
a prescribed, time varying, strength Γ(t) along the pro-
peller axis, and then allowed to evolve under the action of
the induced velocities by the other vortices in the domain
and the background flow velocity, if present. Because of
their azimuthal symmetry toroidal vortices can induce ve-
locity only in axial and radial direction. According to [1]
the axial and radial velocities induced by a single vortex at
position r in a cylindrical polar coordinate system (r, ϕ, z)
can be derived from the Biot-Savart law:

dV (r) =
Γdl′ × (r− r′)

4π|r− r′|3
(1)

where Γdl′ is a vortex element located at position r′. If a
denotes the radius of the vortex the non zero induced veloc-



ities that result from integrating equation 1 over the length
of the vortex are:

Vr(r, z) =
Γa

4π

∫ 2π

0

(z − z′) cosϕ′ dϕ′

{a2 + r2 − 2ar cosϕ′ + (z − z′)2}3/2

Vz(r, z) =
Γa

4π

∫ 2π

0

(a− r cosϕ′) dϕ′

{a2 + r2 − 2ar cosϕ′ + (z − z′)2}3/2
.

(2)

The numerical stability of the code is ensured by limiting
the minimum distance of two vortices to 5 mm in the de-
nominator, which has been found to be a reasonable com-
promise between ensuring the stability of the simulations
while preserving the dynamics of the rings.

The toroidal vortices move under the action the induced ve-
locities by the other vortices according to Equation 2 and
the self-induced velocity is computed according to

Vc =
Γ

4πa

[
ln

(
8a3/2

B

)
− 1

4 +O

(
B

a3/2

)]
(3)

as proposed in [3] to which we refer for a discussion on
the influence of the parameter B. In the present work the
self-induced velocity is omitted as the model is developed
for representing the jet stream on a propeller rather than the
motion of isolated vortices.

If V ij
r,x and VA denote the velocity induced by the j-th vor-

tex on the i-th vortex and the advance velocity then the total
velocity of vortex i can be computed as

V i
z =

∑
V ij
z + V i

c + VA

V i
r =

∑
V ij
r

(4)

and the vortex can be moved in time according to

zi(t+∆t) ≈ zi(t) + (3V i
z (t)− V i

z (t−∆t)) ∗ ∆t

2

ri(t+∆t) ≈ ri(t) + (3V i
r (t)− V i

r (t−∆t)) ∗ ∆t

2

(5)

To reduce computational cost, a reciprocal formulation is
employed. In this algorithm, the induced velocity of vor-
tex i on vortex j is evaluated simultaneously with the in-
duced velocity of vortex j on vortex i. In the absence of
this formulation, a system comprising N vortices would
require computing the contribution of the remaining N vor-
tices for every vortex at each time step. The reciprocal ap-
proach reduces the number of required evaluations to N−i,
where i = 1...N denotes the index of the vortex being pro-
cessed, thereby substantially decreasing the overall compu-
tational burden. Historically, further acceleration has been
achieved by restricting the induced-velocity calculation to
vortices located within a prescribed proximity of the eval-
uation point. However, the definition of this influence re-
gion is inherently arbitrary and may introduce additional

modeling assumptions. Consequently, no such truncation
is applied in the present study.

The vortices are used to approximate the shear layer that
defines the propeller slipstream. Each vortex has an inten-
sity Γ(t) = γ(t)dz where γ represents the distribution of
the velocity jump across the shear layer, and dz is the cho-
sen discretization length. The discretization length is com-
puted from the product of the velocity at the propeller disk
and the simulation time step. In principle, a new toroidal
vortex could be introduced at every time step; however, do-
ing so would rapidly increase the total number of vortices
in the simulation. To control computational cost, new vor-
tices are instead introduced every nt time steps.

The strength of the vortices generated by a propeller in
steady operation can be obtained from the axial momen-
tum theory for propellers. When the slipstream is repre-
sented by a single line of vortices, the vortex density per
unit length, γ, is given by

γ = Ud = −VA +

√
V 2
A + 2

T

ρπ(R2)
(6)

where T is the propeller thrust and R is the propeller ra-
dius.

The circulation Γ of each discrete vortex element intro-
duced every nt time steps is then

Γ = γ
(
VA +

γ

2

)
dt · nt (7)

where
(
VA + γ

2

)
dt ·nt represents the surface area element

at the propeller disk associated with each introduced vor-
tex. The time step should be chosen considering its relation
to the spatial discretizations of the stream-tube and numer-
ical stability. Too low values of the time-step would lead to
many particles being introduced and hence very long simu-
lation times, while too long time steps would not only pos-
sibly lead to numerical instabilities, but also to too coarse
spatial discretizations to capture the evolution of the vortex
rings. In the simulations reported here the time step has
been defined as:

dt =
R

20 (VA + γ)
(8)

When modeling jets, vortices are added at a single radial
location corresponding to the jet diameter. For propellers,
this approach is equivalent to assuming a radially uniform
loading and placing the vortices at the propeller tip. How-
ever, propellers generally do not have radially constant
loading. In this work, the effect of radially variable load-
ing is captured by introducing vortices also at additional
locations inside the propeller disk. The strength of these
vortices is determined so that the velocity differences that
are induced by the radial distribution of loading can be cap-
tured.

Figure 1 shows an example of a simulation, representing
the evolution of a starting jet with a background flow. The
vortices are inserted at 4 radial locations, with strengths



that are tuned so that the wake of a hypothetic propeller
hub is visible along the propeller axis. Because of the pro-
peller symmetry only the upper half plane is plotted. The
background flow is from left to right. The simulated veloc-
ity field is not uniformly distributed, with local variations
in velocity can be explained by the chosen discretization.
A finer spacing of the vortex lessens the appearance of said
irregularities.
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Figure 1: Simulation of an impulsively started jet with back-
ground flow

3 IMPLEMENTATION
The model described in the preceding section was imple-
mented in MATLAB. Although the resulting code is rela-
tively compact, the gridless nature of the algorithm limits
the degree to which vectorization can be used to accelerate
the computations. On a standard desktop computer and one
CPU core, simulations typically require less than five min-
utes for steady-state cases and approximately one hour for
dynamic simulations, corresponding to about 20 seconds of
simulated physical time.

Further reductions in computation time could likely be
achieved by implementing the algorithm in a compiled lan-
guage. However, in the present work ease of implementa-
tion and flexibility during model development were priori-
tized over computational efficiency.

4 THE EXPERIMENTAL CASE
The toroidal vortex model was applied to a series of experi-
ments conducted in SINTEF Ocean’s towing tank as part of
the NFR-funded project PULSE-JET. The objective of the
experimental campaign was to investigate the formation of
vortex rings generated by marine propellers operating un-
der dynamic conditions. The test configuration consisted
of a 300mm ducted propeller whose rotational speed was
varied according to prescribed time series specifically de-
signed to promote vortex-ring formation. During the ex-
periments, the main propeller operating parameters were
recorded, and for selected cases, measurements of the wake
downstream of the propeller were also obtained. A detailed
account of the test setup and the main results can be found
in [4].

5 STEADY-STATE TUNING OF THE MODEL
The model parameters were first tuned using data obtained
from steady-state operation of the propeller in the towing
tank. Steady-state conditions correspond to a constant pro-
peller rotational speed, both at bollard pull and with non-
zero advance velocity. The tuning procedure was based on
comparisons with measured velocities in the propeller slip-
stream obtained using Pitot tubes, as well as consistency
with propeller momentum theory.

Because the present model does not account for Reynolds-
number effects, the tuning was performed using only the
experimental condition corresponding to the highest avail-
able rotational speed, namely 9 rps. For this case, the av-
erage measured thrust was used to compute the slipstream
strength γ according to equation 6.

Velocity measurements were available at the Pitot probe lo-
cations positioned 2.28D downstream of the propeller disk.
Figure 2 presents the measured velocities, normalized by
the square root of the propeller thrust, together with the
corresponding model predictions.

In the simulations, toroidal vortices are released at four
radial locations along the propeller radius. Their relative
strengths are determined through weights that act as mul-
tiplicative factors on the total slipstream strength γ. The
adopted values are reported in Table 1.

x w - Piston V Distr @ Pitot Tuned

0.300 0 -0.265 -0.5

0.533 0 0.05 0.1

0.767 0 0.41 0.21

1.00 1 0.85 0.85

Table 1: Radial distribution of weights

If the radial loading distribution of the propeller were
known, the weights could in principle be derived from

dVz(r, 0)

dr
= −γ(r)

2

given by Conway [1]. In the present case the propeller load-
ing distribution was not available and the weights therefore
had to be determined empirically. Three different distri-
butions are reported in Table 1. The first distribution, la-
belled Piston, corresponds to a uniform jet with no radial
variation in velocity and resembles the flow produced by
a piston–cylinder device. The second distribution, labelled
V Distr @ Pitot, was inferred directly from the velocity
profile measured in the experiments. The final distribution,
labelled Tuned, corresponds to the set of weights used in
the simulations after manual calibration.

Figure 2 shows that the agreement between model predic-
tions and measurements is only partial. The velocity dis-
tribution is captured reasonably well in the outer region of
the slipstream, while larger discrepancies remain closer to
the axis. A closer match could likely be achieved by intro-
ducing additional radial release locations for the vortices,



although this would increase the computational cost of the
model.

Figure 2: Comparison of the measured velocities at the pitot
locations and the simulated ones with the toroidal vortex
model at different flow velocities.

For the cases with non-zero advance velocity, downstream
velocity measurements were not available from the exper-
iments. However, the thrust associated with the simulated
slipstream contraction, as well as the propeller efficiency,
can be compared with predictions from momentum theory.

The thrust, absorbed power, and propeller efficiency can be
computed from the simulated velocity field according to

T = 2πρ

∫ Rd

0

(
U∞Vz(r,∞) + V 2

z (r,∞)
)
r dr (9)

P =πρ

∫ Rd

0

(2U2
∞Vz(r,∞)

+ 3U∞V 2
z (r,∞) + V 3

z (r,∞))r dr

(10)

η =
TVz

P
(11)

The resulting efficiency can then be compared with the
ideal actuator-disk efficiency ηi = 2

1+
√
CT

. Figure 3
presents the ratio between the thrust computed with the
TVM model (Equation 9) and the experimentally measured
thrust (green curve), together with the ratio between the
simulated efficiency (Equation 11) and the ideal actuator-
disk efficiency (black curve).

The experimentally measured thrust is used as input to the
simulations to determine the slipstream strength. However,
since the radial weights are kept constant for all advance
velocities, the thrust predicted by the model is used as a
consistency check against the experimental values.

The agreement with actuator-disk efficiency improves as
the advance velocity increases, which is consistent with
the expectation that the TVM model approaches actuator-
disk behavior under lighter loading conditions. Conversely,
the model predicts a higher relative thrust at zero advance
velocity. The reason for this behavior is not yet fully un-
derstood but was consistently observed across simulations
with different weight distributions.

It is likely that the radial loading distribution varies with
advance velocity. However, in the absence of detailed in-
formation on the propeller loading at different operating
conditions, the same tuned distribution is retained for all
cases.

Figure 3: Comparison of the TVM model against experimen-
tal thrust (green) and ideal efficiency (black)

The tuned vorticity distribution obtained from this proce-
dure is subsequently used in the dynamic simulations pre-
sented in the following sections.

6 DYNAMIC SIMULATIONS BASED ON PRESCRIBED
PROGRAMS
In the previous sections the focus has been on steady-state
operation of the propeller. Their importance resides in the
validation of the method and the code. However, the goal
of the paper is to show how the TVM can be utilized to
study the formation of ring vortices. The literature on the
vortex rings is extensive, because vortex rings appear to be
a distinctive feature of pulsed propulsion, which is com-
mon among aquatic animals. In pulsed propulsion the ring
is formed by a jet of fluid that is generated for a period
of time. The duration and the speed of the jet compared
to the diameter of the jet, that in the case of a propeller
can be taken to be the propeller diameter, have an influ-
ence on the characteristics of the ring. The temporal evo-
lution of the jet speed at the discharge plane is called the
velocity program. The influence of the so-called veloc-
ity program on vortex-ring formation is well established
in the literature, see for example Krueger et al. [5]. In
piston–cylinder experiments, where a jet is generated by a
piston driving fluid through a nozzle, the velocity program
denotes the prescribed temporal evolution of the piston ve-
locity, which directly controls the jet velocity at the nozzle
exit. In the present study, however, vortex-ring formation
is investigated in connection with a marine propeller and
thus the piston speed is replaced by the vortex density per
unit length γ(t) which is varied in time according to pre-
scribed programs. The ratio of the jet travel distance to the

propeller diameter F =
∫ tp
0 V (t,z=0)dt

D has received promi-
nence in literature and referred to as the formation num-
ber. For formation numbers below 4 a single vortex ring
is formed, while for larger values a trailing vortex behind
the vortex is present and the vortex is said to have pinched
off. The above phenomenology is described by Gharib et
al. [6]. The three following figures present the flow field



at three different time instances for three different veloc-
ity programs. All velocity programs have a ramp of 0.3
seconds at the beginning and at the end of the ramp, while
constant velocity regions last 0.3, 1 and 3 seconds. The top
plot in each of the figures shows the velocity program and
the temporal evolution of the velocity at the propeller cen-
ter, which is then used to compute the formation number.
Figure 4 is relative to the shortest pulse and results in a for-
mation number F = 1.77. A single vortex, clearly visible
in the third plot, is formed that concentrate all vorticity that
has been released in the jet.
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Figure 4: Formation number F=1.77

As the formation number is increased, in Figure 5 it is equal
to 4.09, a single vortex it’s still formed, but secondary vor-
tices are present too in the wake of the starting vortex. For
pulses longer than this critical F=4.09 velocity program,
the expectation is that the vortex will pinch off, which cor-
responds to its inability to entertain all the vorticity that has
been released in the flow and a trailing jet is formed behind
the starting vortex. This behavior is captured in Figure 6.
For these simulations toroidal vortices are only inserted at
one radial location, that corresponds to the orifice radius,
as this configuration describes more closely the topology of
the jets that are generated by pistons, that have been used
in the studies on evolution of impulsive jets.
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Figure 5: Formation number F=4.09
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Figure 6: Formation number F=7.4

7 DYNAMIC SIMULATIONS BASED ON EXPERIMENTS
In the dynamic simulation cases, the circulation γ(t) is
computed at each time step using Equation 6. The value
of γ(t) is determined from the prescribed propeller ro-
tational speed measured during the experiments together
with the bollard-pull thrust coefficient. The use of Equation
6 should therefore be interpreted as a means of modulating
the strength of the released vortices based on experimental
data, since the relation is strictly valid only for steady oper-
ating conditions. As a result, the feedback of the flow field



on the propeller is represented only indirectly through the
induced velocity at the propeller disk, which determines the
density of the vortices released into the wake.

In addition, because the propeller used in the experiments
was ducted, the thrust interaction between the propeller and
the duct cannot be accurately represented by the toroidal
vortex model (TVM). Despite these limitations, the model
is able to reproduce several of the flow features observed in
the experiments.

Figure 7 shows the temporal evolution of the axial flow
speed measured at the Pitot probe locations. The flow
speed is normalized by the mean induced axial velocity.
The horizontal axis represents time and the vertical axis
the radial position within the slipstream. The left column
presents the simulation results obtained with the TVM,
while the right column shows the corresponding experi-
mental measurements obtained using Pitot tubes. Each pair
of horizontally adjacent plots corresponds to the same ve-
locity program. The velocity programs themselves are not
shown, as the purpose of the figure is to compare the simu-
lated and measured flow fields rather than to analyze the
individual input signals.VM results with the experimen-
tal measurements rather than to analyze individual velocity
programs.

Figure 7: Time evolution of the speed at the location of the
pitot tubes from the experiments, right column and the simu-
lations left column. The horizontal axis in time, while the ver-
tical axis is radial location. The colors refer to the measured
speed, normalized by the average induced axial velocity.

The simulations are further evaluated with by comparing
the time-averaged value of the flow speed and its standard
deviation at the locations of the pitot tubes.
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Figure 8: Comparison of time-averaged flow axial speed at the
locations of the pitot tubes from TVM and from experiments

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0.2

0.4

0.6

0.8

1
TVM
EXP

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0.4

0.6

0.8

1 TVM
EXP

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0

0.5

1

1.5
TVM
EXP

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0

0.5

1 TVM
EXP

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0.4

0.6

0.8

1 TVM
EXP

X	[-]
0 0.2 0.4 0.6 0.8 1 1.2

m
ea
n(
Vx
)/U

d	
[-]

0.6

0.8

1

1.2 TVM
EXP

Figure 9: Comparison of standard deviation of the flow axial
speed at the locations of the pitot tubes from TVM and from
experiments

he agreement between simulations and experiments is ap-
proximate. While the model does not capture the finer de-
tails of the flow field, it reproduces several of the larger-
scale features of the velocity fluctuations. The comparison
of time-averaged quantities shows that the mean velocity
and its variability are reasonably captured for some of the
tested velocity programs, as illustrated in Figures 8 and 9.
The agreement is generally better when the pulses are more
widely spaced in time, approaching the condition of iso-
lated pulses.

An additional observation is that both the simulations and
the experiments exhibit an element of randomness super-
imposed on the periodic flow structures generated by the
prescribed velocity programs. Although the input signals
are deterministic, the resulting wake dynamics display ir-
regular variations. In both simulations and experiments,
coherent flow structures also tend to develop toward the
outer region of the slipstream, although this tendency is
more pronounced in the experimental measurements.

8 CONCLUSIONS
A model describing the time evolution of the slipstream of a



propeller has been presented. The modeling approach, nu-
merical implementation, code verification, and validation
against experiments with a ducted propeller have been dis-
cussed. The TVM model provides insight into several flow
features that are also observed in the experiments, although
it fails to capture some of the finer details. The model has
better predictive capabilities for isolated jets, in which case
known behavior from literature, namely the influence of
the formation number on the flow topology, is well repre-
sented. In this sense the question on whether the model can
predict the formation of vortex rings is positively answered.

The model has been intentionally kept as simple and es-
sential as possible. Consequently, certain characteristics
expected in a propeller wake—such as the presence of tan-
gential velocities—are not included. Although incorporat-
ing these features would be possible from a modeling per-
spective, doing so would compromise the simplicity of the
model. The additional effort required would likely be com-
parable to that needed for higher-fidelity models, which
would in turn provide more accurate results and more de-
tailed insight into the flow features of pulsed jets.
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