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ABSTRACT

The paper describes a hybrid calculation concept for
marine propulsors consisting of two consecutive
calculation steps. The first step is based on a lifting line
approach and it delivers the exact location of the free
vortex sheets in the propeller slipstream. The geometry
of the free vortex system which may include interaction
effects in case of multi component propulsors is then
transferred into a boundary element method for the
final calculation of the integral values such as thrust
and torque. This procedure avoids the numerical
iteration of the free vortex system’s location during the
boundary element computation. This does not only
save computational time, but it also extends the
application possibility of the boundary element method
for low advance coefficients and complex multi
component propulsors.

and the equation system becomes singular then. At the
same time, the numerical iteration of the free vortex
geometry is a time consuming task. In order to avoid these
numerical problems and to extent the application range of
boundary element methods, it was decided to develop a so
called hybrid approach, which consists of the combination
of lifting line theory and boundary element methods.
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1 INTRODUCTION

Since many years, boundary element methods are in use to
predict the hydrodynamic behavior of marine propellers
(Kerwin, 1987, Kinnas et. al., 1991). The fundamental
principle of boundary element methods is that the geometry
of the trailing vortex sheets must be assumed prior to the
calculation, and it is iterated during the calculation to its
final location (Lee, 2002, Wang et. al., 2016, Baltazar,
2008). For marine propellers which operate close to the
design condition, the iteration of the trailing vortex
geometry has successfully been solved over the years and
satisfactory results were obtained. But the operation of
marine propellers at off design condition leads to
significant distortions of the free vortex sheets which are
difficult to predict (Tian & Kinnas, 2012). In the case of
multi component propulsors, the problem occurs that the
free vortex sheets may penetrate each other (see Fig. 1),
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Figure 1: Computed combined vortex system of a tandem
propeller setup at J=1.

During the first step, the geometry of the free vortex sheets
is calculated by a lifting line method. This free vortex
geometry is then directly used for the numerical analysis of
the propeller and it needs not to be iterated further. In case
of multi component propulsors, the lifting line computation
delivers the free vortex geometry including the interaction
effects, and the inflow condition of each propulsor
including the interaction velocities can also be obtained
from the initial lifting line model. The following sections
describe the setup of the method.
2 METHODOLOGY
2.1 Lifting Line Approach

The geometry of the free vortex system requires the
computation of the local pitch of these free vortices at any
position in the propeller slipstream. The local free vortex
pitch is denoted by k0 and it is defined as follows (see Fig.

2) for a position defined by the radial coordinate r and the
x position:
𝑘0
𝑟

= tan 𝛽𝑖 =

𝑢0 +∑𝑛
𝑘=1 𝑢𝑄𝑘

𝜔𝑟+∑𝑛
𝑘=1 𝑣𝑄𝑘

(1)

In this equation, 𝛽𝑖 denotes the local hydrodynamic pitch
angle, 𝑟 the radius. 𝑢0 denotes the free inflow velocity, 𝑢𝑄𝑘
the vortex- induced axial velocity component at the
location (𝑥, 𝑟) and 𝑣𝑄𝑘 the circumferential induced
velocity. 𝑘 is an index which sums up the velocity
contributions of each individual propulsor. 𝜔 is the
circular frequency of the propulsor denoted by 𝑘 . The
velocities 𝑢𝑄𝑘 and 𝑣𝑄𝑘 are computed for each propulsor as
follows:

bounded vortex

𝑢0
𝜔𝑘

. Using this initial free vortex pitch

allows to compute the first estimation of the circulation Γ,
and from Eqn. 1 a better estimation of the local free vortex
pitch can be obtained, which then allows to compute the
next estimation of the circulation. The iteration converges
typically after 10-20 steps, where more steps are required
for higher thrust loadings, when the advance coefficient is
small. If multi component propulsors shall be computed,
the induced velocities from propulsor 𝑘 at the propulsor 𝑖
are required, which requires the computation of the
circulation of propulsor i. This requires the calculation of
the circulation of the propulsor 𝑖, which can be solved by
an outer iteration, see Fig. 3.

Figure 3: Free Vortex sheets of a propulsor consisting of
propeller (1), fin (2) and rudder. For propeller and fin, only
the key blade is shown.

Figure 2: Principal definitions for a propulsor blade section.

𝑢𝑄𝑘 =

𝑟 𝑁𝑘 Γ𝑘 1
𝑘0𝑘 4𝜋𝑟 𝜅𝑘

𝑣𝑄𝑘 = −

𝑁𝑘 Γ𝑘 1
4𝜋𝑟 𝜅𝑘

(2)
(3)

In equations (2) and (3), 𝑁𝑘 is the number of propeller
blades of the propulsor 𝑘 and 𝛤𝑘 is the circulation of that
propulsor. 𝜅𝑘 is the so called Goldstein-Factor which
needs to be computed for the propulsor k. The computation
of the induced velocities requires that the circulation of the
propulsor is known, and it can be calculated as follows:
𝑐

Γ𝑘 = 𝐶𝑎′ 𝑈𝑘 sin(𝛿0 − 𝛽𝑖𝑘 )
2

(4)

In that formula, 𝐶𝑎′ denotes the gradient of the lift
coefficient for the blade section of the propulsor, c is the
chord length. U is the resulting inflow velocity to the
propulsor blade section (see Fig. 2), 𝛽𝑖𝑘 is the
hydrodynamic pitch angle and δ0 denotes the angle
between the zero lift axis of the blade section and the
circumferential direction. As the calculation of the local
free vortex pitch depends on the circulation distribution of
each propulsor, the calculation procedure consists of a
multiple iteration: For each propulsor, the radial circulation
distribution needs to be determined, where the effective
angle of attack (𝛿0 − 𝛽𝑖 ) is obtained iteratively, starting
with the initial free vortex pitch at the position of the

Fig. 3 shows the free vortex sheets of a multi component
propulsor consisting of a main propeller (1), a propeller fin
(2) and the rudder (3). During the first step, the circulation
Γ1 of the propeller is calculated by the iteration procedure
described above. At the beginning, the velocities induced
by the fin and the rudder at the location of the propeller are
set to zero. After the propeller circulation 𝛤1 has been
obtained, the propeller induced velocities in the fin and
rudder plane can be determined. Then, the circulation 𝛤2 of
the fin can be calculated by the same iteration procedure,
already taking into account the propeller induced
velocities. From 𝛤2 the fin induced velocities in the
propeller plane and in the rudder plane can be obtained.
Then, the rudder circulation 𝛤3 can be calculated, using the
propeller and fin induced velocities in the rudder plane.
From 𝛤3 the rudder induced velocities in the fin and
propeller plane can be determined. Now, the second
iteration of the propeller circulation 𝛤1 can be obtained,
using the first iteration of induced velocities of fin and
rudder in the propeller plane. This results in improved
propeller induced velocities in the fin and rudder plane,
which leads to improved circulation distributions of fin 𝛤2
and rudder 𝛤3 . This procedure can be repeated until the full
convergence, which requires 5-10 outer iterations.
To obtain the induced velocities at the different propulsors,
it is required to extent the classical Goldstein-Factor κ.
Introduced by Goldstein in 1929, 𝜿 takes into account the
finite number of propeller blades, which results in the fact
that the free vortex sheets are discrete and not continuous.
This is principally shown in Fig. 4, where the induced axial
𝒓
velocity in the plane of a four bladed is shown for =0.7
𝑹

and 𝒌𝟎 =1 over the angle 𝝋. The (bound) vortex of the key
blade is located at 𝝋 =0, the other blades’ vortices are then
in 90,180 and 270 degree. The induced velocity becomes a
maximum exactly in the location of the vortex, and it
becomes a minimum exactly between the vortices. The
Goldstein factor is now defined as the ratio of the averaged
velocity (denoted by “mean” in Fig. 4) to the peak velocity
(exactly in the vortex). The calculation of multi-component
propulsors requires the determination of the induced
velocities behind or before the propeller plane, which
requires the extension of the classical Goldstein Factor for
nonzero values of 𝒙 . If further non-rotating propulsors
shall be computed, this requires the extension of 𝜿 for large
values of 𝒌𝟎 . These extended Goldstein factors can be
obtained from the direct numerical integration of the BiotSavart equations applied to the free vortex system of the
screw propeller, see Krüger (2019).

relationship with a scalar perturbation potential 𝛷 as
follows:
𝑢𝑝 = 𝛻𝛷

(6)

where 𝛷 satisfies Lapalce equation in the inviscid domain
𝛻 2𝛷 = 0

(7)

Applying Green’s second identity to equation (7), 𝜱 at any
position p can be represented by its values on the boundary
(Katz & Plotkin, 2001). The viscous vortex sheet is also
regarded as boundary of the inviscid domain. Using q to
denote the position on boundaries, the relation is
𝐸𝛷𝑝 = ∬ [𝛷𝑞
𝑆𝐵

𝜕𝐺(𝑝, 𝑞) 𝜕𝛷
−
𝐺(𝑝, 𝑞)] 𝑑𝑆 +
𝜕𝑛𝑞
𝜕𝑛𝑞

∬ ∆𝛷𝑞
𝑠𝑊

𝜕𝐺(𝑝, 𝑞)
𝑑𝑆
𝜕𝑛𝑞

(8)

where 𝑆𝐵 is the solid body surface, 𝑆𝑊 is the vortex sheet
surface, G(p,q) is defined as −1⁄𝑅(𝑝, 𝑞) with R being the
distance between p and q. E is a constant depending on the
location of q (inside or outside of the fluid domain, or on
the boundary).

Figure 4: Circumferential distribution of 𝒖𝑸 in the propeller
plane of a 4 bladed propulsor, 𝒌𝟎 =1, 𝒓/𝑹=0.7

In current study, the Dirichlet boundary condition is
adopted, which requires 𝛷 in the inner side of 𝑆𝐵 to be
zero, as shown in Fig. 5. The singularity source 𝜎 and
dipole 𝜇 are used to represent the terms −𝜕𝛷 ⁄𝜕𝑛 and ∆𝛷
on the boundary, respectively, which is also depicted in Fig.
5.

2.2 Panel Method

The panel method panMARE is used to compute the
integral forces such as thrust and torque. The information
provided by the lifting line computation are the free vortex
sheet geometries and interaction effects. Interaction effects
are represented by induced velocity by other components
on the current propeller plane, which is denoted by 𝒖𝒊 .
The integral forces are obtained by integrating pressure and
viscous frictional forces on the blade surfaces. Both of
them are based on the velocity distribution. Inviscid
potential theory is employed in the panel method to obtain
the velocity distribution. The obtained velocity on the
blade surface can be understand as the value outside the
boundary layer.
The fluid velocity can be described as
𝑢 = 𝑉∞ + 𝑢𝑖 + 𝑢𝑝

(5)

where 𝑉∞ is the relative motion velocity, and 𝑢𝑝 is the
perturbation velocity due to the existence of the current
propeller. As the propeller fixed coordinate is used, 𝑉∞ =
−𝑉𝑎 − 𝑟 × 𝜔 with 𝑉𝑎 being the advance velocity, 𝜔 being
the rotation velocity of the propeller and r the radius. In the
inviscid potential theory it is assumed that 𝑢𝑝 has

Figure 5. Dirichlet boundary condition and the applied
singularities.

Represent the surfaces 𝑆𝐵 and 𝑆𝑊 with discrete panels, the
equation (8) can be rewritten as
𝛷𝑝 = ∑ [𝜇𝑖 𝛷𝜇 (𝑝, 𝑃𝑖 ) + 𝛿𝑖 𝛷𝜎 (𝑝, 𝑃𝑖 )]
𝑃𝑖 ∈𝑆𝐵

+ ∑ 𝜇𝑖 𝛷𝜇 (𝑝, 𝑃𝑖 )

(9)

𝑃𝑖 ∈𝑆𝑊

where 𝑃𝑖 stands for Panel, 𝛷𝜇 (𝑝, 𝑃𝑖 ) and 𝛷𝜎 (𝑝, 𝑃𝑖 ) are
influence coefficent of source and dipole panels,
respectively. The exact formula for them can be found in
Katz & Plotkin (2001).
Place p on the center of each body panel and apply the
Dirichlet boundary condition, a set of equations are
obtained as

𝐶𝐵 𝜇𝐵 + 𝐵𝜎 + 𝐶𝑊 𝜇𝑊 = 0

where 𝜇𝐵 and 𝜇𝑊 are dipole strengths on the body and
vortex panels, respectively, 𝜎 are source strengths, 𝐶𝐵 , B,
and 𝐶𝑊 are matrices of the influence coefficients. The
source strengths 𝜎 are obtained by the no penetration
condition (𝒖 ∙ 𝒏 = 0):
𝜎 = −𝒏 ∙ (𝑽∞ + 𝒖𝑖 )

(11)

Denote number of body panels with 𝑁𝐵 , and number of
vortex panels with 𝑁𝑊 , then the equation system (10) has
𝑁𝐵 equations but 𝑁𝐵 + 𝑁𝑊 unknowns. As in a converged
steady simulation 𝜇𝑊 does not change along the
streamwise direction, the unknowns are reduced to 𝑁𝐵 +
𝑁𝑅 with 𝑁𝑅 being the number of panels along the radial
direction. Such relations are shown in Fig. 6. To close the
equation system, pressure Kutta condition is applied to
build another 𝑁𝑅 equations. It is required that the pressure
jump at the trailing edge is zero:
∆𝑃 = 𝑃𝑖+ − 𝑃𝑖− = 0. 𝑖 = 1 … 𝑁𝑅

𝑃 = 𝑃0 + 0.5𝜌(𝑽2∞ − 𝒖2 ).

(10)

(12)

where 𝑃 + and 𝑃 − are pressures at the trailing edge
obtained on the pressure and suction surfaces, respectively.
As the pressure has a nonlinear relationship with the dipole
strength (as shown in the following text). Equations (10)
and (12) consist a nonlinear equation system. Algorithm to
solve it in a very efficient way is described by Wang (2017)
and adopted here.

(15)

Empirical formula are adopted to conduct the viscous
correction. On each body panel, the viscous friction
coefficient 𝐶𝑓 is calculated based on the local Reynolds
number.
Empirical correction to consider the effect of the leading
edge vortex is also applied. Growing rate of the pressure
coefficient along the chordwise arclength near the leading
edge is used to judge the occurrence of flow separation. i.e.
flow separation appears when the following relation is
fulfilled
𝑑𝐶𝑝
0.075𝐶
𝐷>
(𝑙𝑜𝑔𝑅𝑛 − 2)2
𝑑𝑠

(16)

where 𝑅𝑛 is the Reynolds number, s denotes chordwise
arclength, D is propeller diameter, C = 1e5 in current work,
and Cp is the pressure coefficient defined with local
velocity (√𝑉𝑎2 + (2𝜋𝑛𝑟)2 with n being the rotation rate).
Leading edge vortex leads to the growth of the separation
region width with radius. It is assumed the growth is
exponential and the applied empirical formula is
𝐿𝑠𝑒𝑝 (𝑟) = 0.0006𝐷 ∙ exp (11.49

𝑟 − 𝑟0
)
𝑅

(17)

where 𝑟 is radius, 𝑟0 is the position where separation
begins, R is propeller radius and 𝐿𝑠𝑒𝑝 is the separation
region width. Two assumptions are applied on every
chordwise panel strip. The first one constant pressure over
the separation region. The second one is that the integral of
the pressure over the surface in the separation region are
the same before and after the correction, which means the
pressure force has the same absolute value but a different
direction. This results in a redistribution of the
underpressure at the leading edge to suction surface.
Finally, the pressure and viscous force are integrated to
obtained the thrust T and toque Q:
𝑇 = ∑(𝑃𝐴𝒏 + 0.5𝐶𝑓 𝜌𝒖|𝒖|𝐴) ∙ 𝒆𝑎

(18)

𝑆𝐵

𝑄 = ∑(𝑃𝐴𝒏 × 𝒓 + 0.5𝐶𝑓 𝜌𝒖|𝒖|𝐴 × 𝒓) ∙ 𝒆𝑎

(19)

𝑆𝐵

Figure 6. Building of the equation system.

As the dipoles strength or 𝛷 values are obtained, the
velocity on the body surface is obtained by surface
gradient.
(𝒖𝑝 )𝑡 = 𝛻𝑆 𝛷

(13)

𝒖 = 𝒖𝑡 = (𝑽∞ + 𝒖𝑖 )𝑡 + (𝒖𝑝 )𝑡

(14)

where 𝛻𝑆 means surface gradient operation and the
subscript t means tangential velocity on the surface. The
readers can refer to Wang (2017) and Hoshino (1993) for
computation method of the surface gradient.
Then, the pressure is evaluated according to the Bernoulli
equation as follows with 𝜌 being the fluid density:

where 𝒆𝑎 is the unit vector along the axial direction, 𝐴 the
panel area, r the vector point from the propeller center to
panel center, 𝒏 panel’s normal vector and u velocity on the
panel.
2.3 Hybrid Method

In the lifting line method, the pitches of vortex lines are
determined iteratively using the method stated in section
2.1. The vortex lines have starting points on the trailing
edge and extends downstream with the obtained pitch.
These vortex lines form then a discretized vortex sheet,
which is described by a structured arranged point array
with the size 𝑁𝑅𝑙𝑙 × 𝑁𝑆𝑙𝑙 , with 𝑁𝑅𝑙𝑙 being the point number in
the radial direction (or number of vortex lines) and 𝑁𝑆𝑙𝑙 the
streamwise point number.

This vortex sheet is then transferred to the panel method
code. In the panel method code, a rediscretization is
conducted to make panel distribution on the vortex sheet
consistent with that on the blade surface. This is carried out
by spline interpolation in the radial direction. This step
enable independent radial discretization in the lifting line
and panel method.

difference between the tip vortex radii, but the thrust are
almost the same. Physically a larger vortex sheet pitch
means a larger axial induced velocity or larger momentum
increasement across the propeller disk, which is related to
larger thrust. However, how the vortex sheet pitch affects
the thrust distribution is currently not clear.

Finally in the panel method the vortex sheet geometry is
kept unchanged and the integral forces are computed
according to section 2.2. No further wake alignment step is
carried out.
3 NUMERICAL RESULTS

In this section, the developed hybrid method is applied to
calculate the open water performance of both single
propellers and a tandem propeller. For the panel method
our in-house code panMARE is used together with the
leading edge vortex correction, such a combination is
called panLEV in the following text. The proposed method
combining the lifting line and panel code is called the
hybrid method. Simulations with lifting line method have
also been conducted to provide a reference.

Figure 7. Predicted open water performances of the KCS
propeller together with the experimental measurements.

To validate the method, the KCS propeller, whose
geometry information and experimental data are already
available, was firstly analyzed with both methods. The
obtained results are shown in Fig. 7. On both sides of the
blade surface, 24×28 (chordwise×spanwise) panels were
used. It can be observed that near the design point (J = 0.8),
there is no big difference between the results obtained with
different methods. For the high loading conditions (at low
advance ratios), the hybrid method predicts both larger
thrust and torque than panLEV. Such a difference leads to
a better prediction of the torque as well as a larger deviation
of the thrust. For quite low J values (J < 0.2), the lifting line
code underestimates the torque and thrust. For other
conditions the lifting line code predicts similar thrust as
panLEV but larger torques.
To get more deep insight into the difference between the
hybrid method and panLEV, the radial distributions of the
thrust at J=0.2 and 0.8 are shown in Fig. 8. At the design
point (J=0.8), there is little difference. At the high load
condition (J=0.2), the difference is obvious. Compared to
panLEV, the hybrid method produces more thrust in the
inner radial region and less near the tip, which results in an
inward offset of the maximum thrust position. The torque
distribution shows the same properties, which are not
shown here.
The only different setup between the hybrid method and
panLEV is the vortex sheet geometry, so it must be the
responsible for the results’ difference. The vortex sheet
geometries in both methods at J = 0.2 are shown in Fig. 9,
and the local pitch and radius of the vortex sheet are given
in Fig. 10 and Fig. 11, respectively. The vortex sheets in
the hybrid method always have larger pitch and weaker
contraction. The vortex sheet pitch probably has a larger
influence on the hydrodynamics than the contraction.
Because at the design point, there is already obvious

Figure 8. The radial distribution of the thrust for KCS
propeller. The distribution of the torque is similar.

As second step, before the tandem propeller is simulated,
both single propellers are analyzed with the proposed
method. The fore propeller is EPOSYS 2764 and the aft
propeller is EPOSYS 2766. The geometries and
experimental results are provided in Johannsen (2007). The
calculated results are shown in Fig. 9. For these two
propellers, the hybrid method still improves the torque
prediction but produces almost the same thrust with
panLEV. The lifting line code again predicts the similar
thrust, but larger torque except near J = 0. The thrust
distributions for EPROSYS 2764 propeller at J=0.2 are
shown in Fig. 13. The vortex sheet geometry details are
given in Fig. 14, 15 and 16. The vortex sheet in hybrid
method has larger pitches except at the tip. The hybrid
method produces again larger thrust in the inner radial

region and less thrust at large radii except for an unphysical
peak near the tip. This peak may due to the steep decrease
of the vortex sheet pitch near the tip, as shown in Fig. 15.
The accurate reason needs further study. This unphysical
peak is restricted on a small region, and the difference
between the hybrid method and panLEV are also small.

(a)

Figure 9. The converged vortex sheet geometries in panLEV
and the hybrid method for KCS propeller at J = 0.2.

(b)
Figure 12. Predicted open water performances of the single
propellers which are used for the tandem configuration.

Figure 10. The average pitch of the vortex sheet in the first ½
revolution for KCS propeller.

Figure 13. The radial distribution of the thrust for EPROSYS
2764 propeller at J=0.2. The distribution of the torque is
similar.

Figure 11. The development of tip vortex radii for KCS
propeller.

Figure 14. The converged vortex sheet geometries in panLEV
and the hybrid method for propeller EPROSYS 2766 at J =
0.2.

Figure 15. The average pitch of the vortex sheet in the first ½
revolution for EPROSYS 2764 propeller.

computation tasks that will be repeated for every iteration
during the wake alignment. With panLEV on a personal
PC, the CPU time for precomputation and one iteration is
observed to be 15.5s and 5.5s. Typically around 10 steps
are required to obtained a converged result for the open
water case. However, using the hybrid method, only one
step is needed to obtain the results. This leads to a
computational time ratio about 3.5:1, which means the
hybrid method is 250% faster than panel method. For
tandem propeller, the computational efficiency gain will be
even larger. In the tandem configuration, the “far”
downstream vortex sheet shape of the front propeller,
which has little influence on the performance of the front
propeller, can still have significant influence on the aft
propeller’s performance. This means more wake alignment
iteration steps are required to obtain the converged results
for the tandem propeller case than for a single propeller.
The computation of the mutual influence between different
propellers is also a significant time-consuming task. The
advantage of the hybrid method compared to the lifting line
method is its ability to predict pressure distributions,
cavitation and pressure fluctuations (for unsteady case).
Finally, a tandem propeller is calculated, with EPROSYS
2764 in the front and EPROSYS 2766 in the aft. The results
obtained with different methods are shown in Fig. 11. The
hybrid method works better than the other two methods for
most J values. The thrust predicted with the hybrid method
correlates well with the experimental measurements. The
torque also follows the trend well, however with a global
underestimation. On one personal PC, panLEV took more
than one hour for 9 J values while the hybrid method took
around 10 minutes for 17 J values.

Figure 16. The development of tip vortex radii for EPROSYS
2764 propeller.

Figure 11. Predicted open water performance for the tandem
propeller.

The biggest advantage of the hybrid method compared to
panel method is the computational efficiency. In panel
method, the total computational time consists of two parts,
i.e. the precomputation and vortex sheet iteration.
Precomputation includes the computation task that only
needs to be run once. Vortex sheet iteration includes the

4 CONCLUSION

A new hybrid method that combining the lifting line
method and boundary element method is proposed. The
lifting line method is used to calculate efficiently the vortex
sheet geometries as well as mutual influences between
different propellers. The boundary element method is used

to evaluate the pressure distribution and integral forces
with the vortex sheets provided by the lifting line method.
The hybrid method has been applied to calculate the open
water characteristics of three single propellers and one
tandem propeller. With the hybrid method, similar or
sometimes even better results compared to the boundary
element method are obtained. Analysis shows a 250%
faster computation for the single propeller case, and even
more efficiency gains for the tandem propeller. The hybrid
method also simplifies the computation for multicomponent propulsors (tandem propeller, contra rotating
propeller, etc.).
For some cases, the torque are underestimated for low
advance ratios. The currently rough leading edge vortex
correction can be responsible for such a discrepancy. The
correction model is still under research. Improvements are
being to be published in future works.
The influence of the vortex sheet geometry details on the
load distribution is still unclear. Analysis shows that the
vortex sheet pitch is very likely dominant. However, the
effect of the radial distribution of the pitch has not been
deeply studied. This point needs also further study.
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