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ABSTRACT

2 THE MOMENTUM AND ENERGY EQUATIONS

Energy balance analysis (EBA) is a technique for determining how the energy in a flow is transported and transformed. For marine systems it can be used to determine
where the energy is lost in a propulsive system, allowing greater understanding of the working mechanisms of
energy saving devices. The current paper describes a
methodology for applying EBA to a flow field that has
been calculated by coupling a propeller program using
the boundary element method (BEM) with a Reynoldsaveraged Navier-Stokes (RANS) solver. A preliminary
test of the accuracy of the method has been performed by
comparing the energy balance of the propeller of MV Regal computed with two full RANS calculations, using
ANSYS R CFX R and OpenFOAM R , as well as a coupling
between OpenFOAM and the BEM program PROCAL. In
this case the RANS-BEM method gives results comparable to the full RANS predictions though time-averaging of
the flow field causes a reduction in the rotational loss and
an increase in the loss due to axial non-uniformity. More
realistic comparisons with the propeller operating behind
a ship are needed to have full confidence in the method.

The momentum equation solved by a Reynolds-averaged
Navier-Stokes (RANS) solver for incompressible flow can
be written
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1 INTRODUCTION

Energy balance analysis (EBA), tracking the flow of energy to determine the efficiency of a marine propulsor,
has its origins in the work of R.E. Froude more than 100
years ago. With the maturation of modern flow solvers, it
has seen a resurgence in recent years (van Terwisga 2013,
Schuiling & van Terwisga 2016, 2018, Eslamdoost et al.
2017, Andersson et al. 2018). The present paper is part
of a project to determine whether EBA can profitably be
used when the flow is calculated by coupling a propeller
program using the boundary element method (BEM) with
a flow solver using the Reynolds-averaged Navier-Stokes
(RANS) equations. It is recognized that the shortcomings of BEM programs will mean that this will not be
applicable for all systems: for example, at off-design conditions when flow separation prevents an accurate BEM
solution. However, when the BEM program is sufficiently
accurate, the savings in computer time relative to full
RANS calculations make the RANS-BEM approach very
attractive, especially during design when a large number
of possibilities may need to be evaluated.

ρ

∂u
+ ρ∇ · (uu) = −∇p + ∇ · τ + F
∂t

(1)

where u is the fluid velocity, p is the pressure, τ is the
viscous stress tensor, and F is a force density.
For external flows, in which a body is moving through a
fluid with constant velocity U, it is normal to solve the
momentum equation in a frame of reference in which the
body is at rest and the fluid at infinity moves with velocity
−U. An equation for the transport of kinetic energy in
this coordinate system can be obtained by taking the dot
product of u with the momentum equation, Equation (1).
A different energy equation is obtained by dotting
Equation (1) with ua ≡ u + U. This is the velocity
of the fluid in a frame of reference in which the fluid far
from the body is at rest. The energy equation is then
ρua ·

∂u
+ρ∇·(uu)·ua = −ua ·∇p+ua ·∇·τ +ua ·F (2)
∂t

which can be rewritten as
∂K a
+∇·(uK a ) = −∇·(pua )+∇·(ua ·τ )− : τ +ua ·F,
∂t
(3)
where K a = 21 ρua · ua is the kinetic energy of the disturbed fluid and  = 12 ∇u + (∇u)T is the strain rate
tensor. The energy equation can be integrated over an
arbitrary volume V with surface S moving with velocity
uS . Using the Divergence Theorem and the fact that
Z
Z
Z
∂f
∂
dv =
f dv −
n̂ · uS f da,
(4)
∂t V
V ∂t
S
where f is an arbitrary quantity and n̂ is an outward
pointing normal to S, one gets
Z
Z
∂
K a dv +
n̂ · (ua − uaS )K a da =
∂t V
S
Z
Z
a
−
pn̂ · u da +
ua · τ · n̂ da
S
S
Z
Z
−
 : τ dv +
F · ua dv
(5)
V

V

which is equivalent to the energy equation in a frame of
reference in which the fluid at infinity is at rest but the
body is in motion. This will be called the absolute frame

c Her Majesty the Queen in Right of Canada, Department of National Defence, 2019

of reference. Note that a =  and τ a = τ so we will
not bother with the superscripts on these tensors.

where

We will only consider control volumes that are stationary with respect to the body. Then uaS = U so that
ua − uaS = u and the energy equation is
Z
Z
∂
K a dv +
n̂ · uK a da =
∂t V
S
Z
Z
a
−
pn̂ · u da +
ua · τ · n̂ da
S
S
Z
Z
−
 : τ dv +
F · ua dv
(6)

Q=

V

V

An advantage of using the energy equation in the absolute
frame of reference is that ua = U on the surface of the
body, and the work done by frictional drag on the body
will appear explicitly. When the reference frame of the
body is used, the frictional drag does no work because
the body is at rest.
The volume integral over  : τ is the rate of viscous
dissipation of energy. It includes dissipation directly to
heat (via the molecular viscosity) and the dissipation to
turbulent kinetic energy (via the turbulent viscosity).
Equation (6) states that the rate of increase of the kinetic
energy of the disturbed flow is balanced by convection
of the kinetic energy through S, the work done by the
pressure on S, the work done by the viscous stress on S,
the viscous dissipation, and the work done by the body
force, F.
3 EBA FOR PROPELLER FLOWS

Now consider the energy equation of Equation (6) for the
case of a rotating propeller behind a ship whose velocity
is U. The control volume V is assumed to completely
enclose the propeller and to move with the ship. Its
surface, S, consists of the surface of the blades, Sb , the
surface of the hub, Sh , a portion of the surface of the
hull, SH , and an outer surface, So . The surfaces of the
hub and blades rotate with angular velocity ω while the
surface of the hull and the outer surface do not; therefore
ua = uS = U + ω × x on Sh and Sb (assuming that
the origin of the coordinates is on the propeller axis) and
ua = uS = U on SH . Moreover, in practical terms, the
fact that Sh is rotating implies that it is axisymmetric
about the propeller axis so that uS · n̂ = U · n̂ on Sh .
Equation (6) then becomes
Z
Z
∂
K a dv +
n̂ · uK a da =
∂t V
So
Z
Z
Z
ua · (−pn̂ + τ · n̂) da −  : τ dv + F · ua dv
S
V
V
Z o
Z
+
(ω × x) · τ · n̂ da +
U · (−pn̂ + τ · n̂) da
S
Sh +SH
Z h
+
(U + ω × x) · (−pn̂ + τ · n̂) da
(7)
Sb

The terms in ω on the right hand side can be written
Z
Z
− pn̂ · (ω × x) da + (ω × x) · τ · n̂ da = ω · Q (8)
Sb

Sb +Sh

Z

Z
x × (−pn̂ + τ · n̂) da +

Sb

x × τ · n̂ da (9)
Sh

is the torque applied by the propeller and hub on the
fluid. The power delivered to the fluid is PD = ω · Q.
The terms proportional to U in the integrals over Sb give
the power used to propel the ship:
PS = U · T
with

(10)

Z
(pn̂ − τ · n̂) da

T=

(11)

Sb

where T is the force on the blades by the fluid; its projection onto the direction of U is the thrust. The remaining
terms proportional to U give the power transmitted to the
fluid by the resistance over the hub and the portion of the
hull in the control volume:
Z
PH = U ·
(−pn̂ + τ · n̂) da
(12)
Sh +SH

The time derivative term
∂
Pt =
∂t

Z

K a dv

(13)

V

is zero in a steady flow (e.g. open water). In an unsteady
flow in which the unsteadiness is solely due to the propeller, the average of Pt over a blade passage will be
zero. Henceforth we will assume that Pt = 0 it being
assumed that all integrals are averaged over at least one
blade passage if the flow is unsteady.
If the equations are solved in a rotating frame of reference, F may include centrifugal and Coriolis forces.
The former can be included as a potential ( 21 |ω × x|2 )
added to the pressure. In the ship fame of reference the
Coriolis force does no work but in the absolute frame
ua · F = −2ua · (ω × U). If the propeller axis is aligned
with the ship motion, no work will be done. For simplicity
it will be assumed that F does no work.
Following Schuiling & van Terwisga (2016) and Andersson et al. (2018), we assume that the frictional force on
So (the term proportional to τ in the integral over So ) is
very small. The energy equation can then be written
PD = PS − PH + Pc + Pp + Pvd

(14)

where
Z
Pc = n̂ · uK a da;

Z
Pp = pn̂ · ua da;

So

(15)

So

Z
Pvd =  : τ dv.

(16)

V

Note that the rotation of the propeller (PD ) and the
resistance (PH ) both increase the kinetic energy of the
fluid since, in this frame of reference, they both push the
fluid in the same direction that it is already moving. On
the other hand, the fluid in the vicinity of the propeller

is moving forward while the thrust pushes it aft, so the
thrust is reducing the the kinetic energy of the fluid. It
is possible to increase the size of the control surface
S so that it contains the whole ship; then the integral
over Sh and SH would equal the ship resistance and PH
would equal PS (assuming that the ship is operating at the
self-propulsion point and we have taken the free surface
into account), and both terms would disappear from the
expression for the delivered power.
Equation (14) states that the work done by the solid
boundaries. PD , PS and PH , must be balanced by convection of kinetic energy through So , work by pressure
on So , the viscous dissipation, and the work done by the
body force.
4 DECOMPOSITION OF THE CONVECTIVE AND
PRESSURE TERMS

For propellers in open water or when the control volume,
V , is very close to the propeller, Schuiling & van Terwisga (2016, 2018) have suggested splitting the sum of
the kinetic energy flux and the work done by the pressure
into ‘axial’ and rotational portions; the axial portion is
not strictly axial as it contains kinetic energy associated
with the radial velocity field.
Pp + Pc = Pa + Pr ;
(17)
Z

p + 12 (u2x + u2r ) ua · n̂ dv; (18)
Pa =
ZSo
1 2 a
(19)
Pr =
2 uθ u · n̂ dv,
So

where (x, r, θ) is a cylindrical coordinate system aligned
with the propeller axis. Schuiling and van Terwisga split
the axial term further into an ‘ideal’ portion that one
would obtain if the flow were non-viscous, non-rotational
and uniform across the propeller disk, and an ‘additional
axial loss’ arising from the non-uniformity of the inflow. The ‘ideal axial loss’ is the difference between
the delivered power and the thrust power in this ideal
configuration. Actuator disk theory gives
i
Pai = PD
− (1 − w)U · T
p
1
= 2 (1 − w)PS ( 1 + CT∗ − 1)
(20)

where Paa is the ‘additional axial loss’ caused by the
non-uniformity of the inflow. The energy equation is
PD = PS − PH + Pai − Pag + Paa + Pr + Pvd

Since the ideal axial loss is derived from actuator disk
theory, it would be better to use only the non-viscous
portion of the thrust in its definition. In practice, the loss
of thrust due to viscosity is usually so small that its neglect will be insignificant compared with errors incurred
by estimating the wake fraction.
5 EBA FOR RANS-BEM COUPLING

Energy balance analysis can also be applied when the
flow is solved using coupled RANS and BEM solvers. In
this case there are no blades in the flow and the integrals
of the pressure over the blades are replaced by volume
integrals of a force density, F, and a mass rate density
field, M . As described by Hally (2015, 2017, 2018) and
Su et al. (2017), the latter is used to model the effect of
blockage of the flow by the physical bulk of the blades.
It is needed to ensure that the flow field in the vicinity of
the propeller is sufficiently accurate to model the interaction of the propeller with the hull and its appendages,
including any fuel saving devices. For example, Hally
(2015) estimates that the its effect on the thrust deduction
can be about 5–10%. The fields F and M are usually
averaged in time to make the RANS computation steady.
With the inclusion of the mass rate field, the equations of
motion are
∇·u=M

i
PD
− PS = Pai − Pag ;

Pag = wU · T.

(21)

The ‘axial gain’, Pag , is a reduction in the required power
arising because the propeller is operating in the slower
moving fluid in the wake of the ship. A similar power
gain appears in the expressions derived by Dyne (1995)
and Olsen (2004). The axial term Pa is now expressed as
Pa = Pai − Pag + Paa

(22)

(24)

ρ∇ · (uu) = −∇p + ∇ · τ + F + ρM V,

(25)

where M is the rate of injection of mass into the flow and
V is the flow field of the effective wake used as inflow
by the BEM program.
One must be careful when these equations are used to
formulate the energy equation in its integral form since
the flow field is no longer divergence free. The energy
equation is
∇ · (uK a ) = −∇(pua ) + ∇ · (ua · τ ) −  : τ
+ ua · F + M p + ρua · Va − K a

i
PD

where
is the delivered power in the ideal configuration, 1 − w is the mean wake fraction of the effective
wake and CT∗ = T / 12 ρ(1 − w)2 U 2 A is the thrust loading
coefficient calculated with an inflow velocity of (1−w)U ;
A is the area of the propeller disk. However, in the absolute coordinate system it is the difference between the
delivered power and the power used to propel the ship
that appears on the energy equation:

(23)



(26)

where Va = U + V is the effective wake flow field in
the absolute coordinate system. The term proportional to
M represents the energy introduced to the flow due to the
injection of mass. In integral form the energy equation is
Z
Z
n̂ · uK a da = −
pn̂ · ua da
So
So
Z
Z
+
(−pn̂ + τ · n̂) · ua da − τ :  dv
S +S
V
Z h H
Z
+
F · ua dv + M (p + ua · Va − K a ) dv (27)
V

V

5.1 Estimating the Effect of Blade Friction

The principal difficulty in formulating the energy equation
in a RANS-BEM context is that the force and mass rate

nv
v
PD = PD
+ PD
,

(28)

where a superscript v stands for “viscous” and a superscript nv stands for “non-viscous”. In a RANS calculation
nv
with the blades present, PD
is the portion of Equation (8)
v
that is proportional to p, while PD
is the portion that is
proportional to τ . Similarly, PS can be split into viscous
and non-viscous parts:
PS = PSnv − PSv .

(29)

v
Both PD
and PSv are positive. Their signs reflect the fact
v
that PD increases the amount of power necessary to turn
the propeller while PSv decreases the amount of useful
work that is obtained.
nv
Since the force and mass rate fields model only PD
nv
and PS , it is necessary to rely on the BEM program to
v
provide an estimate for PSv and PD
. Most BEM programs
generate such estimates using boundary layer theory so
that the thrust and torque can be corrected for the effects
of viscosity.
nv
+ PSnv ,
The work done by the blade friction, Pbf = PD
is manifested in the flow in two ways: it causes a small
change to the flux of kinetic energy (due to the change
in velocity within the fluid in the blade boundary layers),
and it increases the viscous dissipation (since most of the
power expended within the blade boundary layers is immediately converted to turbulent kinetic energy or heat).
There is very little change to the work done by pressure.
Let α be the fraction of the work done by blade friction
that appears as viscous dissipation. Calculations on flat
plates suggest that more than 90% of the work done by
the shear stress on the plate is immediately dissipated
into turbulent kinetic energy and heat. For an integration
volume that extends downstream past the end of the plate,
this fraction increases due to further dissipation in the
wake of the plate. If the integration region extends more
than about four plate lengths, more than 99% of the work
has been dissipated and less than 1% is manifested as
convected kinetic energy: see Figure 1. Therefore the
value of α will normally be in the range 0.9–1.0 with
the value being closer to 1 the further downstream the
boundary of the integration is.

Let Pcbf be the portion of the convection of kinetic energy
that is due to the blade friction and let Pcnbf be the
convective term in Equation (27):
Z
Pcbf = (1 − α)Pbf ; Pcnbf =
n̂ · uK a da
(30)
So
bf
Similarly, let Pvd
be the portion of the viscous dissipation
nbf
that is due to the blade friction and Pvd
the portion from
the dissipative term in Equation (27):
Z
bf
nbf
Pvd = αPbf ; Pvd =
τ :  dv
(31)
V

Dissipation/Work by Friction

fields do not model the effects of the skin friction on the
blades. We decompose the delivered power into viscous
and non-viscous parts:
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Figure 1: The value of α for a flat plate as a function of the
distance of the downstream boundary from the end of the plate.
Re = 107 based on the length of the plate, L.

5.2 The Energy Equation for RANS-BEM Calculations

The total work done by the force and mass rate fields is
Z

PF =
F · ua + M (p + ρua · Va − K a ) dv (32)
V
nv
This should be equal to PD
− PSnv as calculated by
the BEM program but, in practice, will be somewhat
less. That is because this is the work done by the timeaveraged force which is less than the time-average of the
work done by the (unsteady) force field. This effect is a
direct counterpart of the loss due to the finite number of
blades used by Dyne (1993, 1995). The excess delivered
ta
:
power due to the time averaging is denoted PD
ta
nv
PD
= PD
− PSnv − PF .

(33)

Equation (27) can now be written:
nbf
nv
ta
Pcnbf = −Pp + PH − Pvd
+ PD
− PSnv − PD
(34)

Now add the work done by the blade friction to both
sides of the equation and rearrange using Equations (28),
(29), (30) and (31) to obtain
ta
PD = PS − PH + Pc + Pp + Pvd + PD

(35)

where
Pc = Pcnbf + Pcbf ;

nbf
bf
Pvd = Pvd
+ Pvd
.

(36)

This is the same as Equation (14) except that the term
ta
PD
has been added to account for the fact that Pp + Pcnbf
has been reduced by the time-averaging.
For open water flows or when the control volume is close
to the propeller, the convective and pressure terms can
be decomposed as described in Section 4. In this case,
the excess power due to time-averaging is included in
the additional axial loss since it, too, is associated with
the wake non-uniformity. The RANS-BEM energy equation then becomes identical to the energy equation for a
full RANS calculation, Equation (23), so it is possible
to make a term by term comparison of a RANS-BEM
calculation with a full RANS calculation.

In the full RANS calculation, the estimates of the ideal
axial loss, the axial gain, and the additional axial loss
will depend upon an accurate estimate of the effective
mean wake fraction, (1 − w); that is not often available.
One of the advantages of the RANS-BEM method is that
the effective wake is calculated explicitly so that w is
known and these terms can be estimated with reasonable
accuracy. Therefore it provides a better estimate of the
energy that can be recovered from the additional axial
losses.
6 RESIDUALS

In theory, if the momentum equations are satisfied exactly,
then Equation (23) should be satisfied exactly. In practice,
it will not be:
PD −PS +PH −Pai +Pag −Paa −Pr −Pvd = Pres (37)
where Pres , the energy residual, is not zero. An interpretation of Pres can be obtained by recognizing that the
energy equation, Equation (6), can also be expressed as
the integral of Equation (2) over V :
Z

ρ∇ · (uu) · ua dv = −

V

Z
V

ua · ∇p dv +

Z

ua · ∇ · τ dv

V

(38)
where the time derivative and force terms have been disregarded. This provides a different method of evaluating
the terms Pc , Pp and Pvd :
Z
PcV =
ρ∇ · (uu) · ua dv,
(39)
V
Z
nv
nv
PpV =
ua · ∇p dv + PD
− PSnv + PH
, (40)
V
Z
V
v
v
Pvd
=−
ua · ∇ · τ dv + PD
+ PSv + PH
. (41)
V

The expression for Pvd assumes, as previously, that the
work done by friction on So can be neglected.
Suppose that the integrals over V are calculated by summing the contributions from a collection of finite volumes
that comprise V . If the momentum equation is solved
exactly, then the energy equation formed using PcV , PpV
V
and Pvd
will also be solved exactly; therefore, the residual
of the energy equation depends only on the level of convergence of the momentum equation. On the other hand,
the energy equation formed with Pc , Pp and Pvd will have
a residual because the discretized versions of ∇ · (uK a ),
∇ · (ua p) and ∇ · (ua · τ ) do not exactly equal the discretized versions of ua · ∇ · (uu), ua · ∇p and ua · ∇ · τ .
The differences ∆Pc = PcV − Pc , ∆Pp = PpV − Pp and
V
∆Pvd = Pvd
− Pvd are a measure of the discretization
error of each term in the energy equation in strong
conservation form. When the momentum equation is
solved exactly, their sum is the energy residual Pres .
By evaluating and comparing these terms, it is possible
to tell whether the residual originates primarily with the
convection, pressure or viscous discretization.

7 OPEN WATER COMPARISON OF RANS-BEM AND
FULL RANS CALCULATIONS

As a first test of the procedure described above, the flow
around the propeller of the MV Regal operating in open
water has been analyzed. Predictions of the thrust and
torque of this propeller in open water were part of the
Lloyd’s Register (LR) full scale workshop (Ponkratov
2017). It is four-bladed, 5.2 m in diameter and was
analyzed at an advance coefficient of J = 0.5 (case 2.4
in the LR workshop).
The flow around the MV Regal propeller was calculated
in three ways:
1. Using the commercial flow solver ANSYS CFX
(2019). The whole fluid domain rotated and the
ANSYS CFX ‘Alternate Rotation Model’ was used.
2. Using the open source flow solver OpenFOAM. A
Multiple Reference Frame (MRF) model was used in
a cylinder of radius 1.25R extending 0.5R upstream
and downstream of the propeller plane.
3. Using a RANS-BEM coupling between PROCAL and
OpenFOAM. PROCAL is a BEM propeller program
developed by the Cooperative Research Ships organization (Bosschers 2009). Details of the RANS-BEM
coupling are described by Hally (2017, 2018).
In all cases the flow domain was a cylinder of radius
10R extending 10R upstream and downstream of the
propeller plane. On the upstream plane the velocity was
set to 3.1035 m/s and the gradient of the pressure was set
to zero. On the downstream plane the gradient of the
velocity was set to zero. For ANSYS CFX, the pressure
was set to zero on the full downstream plane, but for the
OpenFOAM and RANS-BEM calculations the pressure
was set to zero for r > 1.25R but set to have zero
gradient for r < 1.25R. The outer cylinder was a free
slip wall. The hub was a cylinder extending throughout
the domain on which a free slip boundary condition was
used.
In all cases the k − ω SST turbulence model was used.
Calculations were performed at two Reynolds numbers
based on tip speed and propeller diameter: Re = 1.1×106
and 1.1×108 . The latter corresponds to the condition used
for the LR workshop.
For the ANSYS CFX and OpenFOAM calculations, two
grids were generated using Pointwise R (2019), one for
each Reynolds number. The same grids were used for both
solvers. Each grid contains an inner cylindrical region of
radius 1.25R extending 0.5R upstream and downstream
of the propeller plane. This region was used as the integration region for the energy balance analysis. The grids
are hybrid having structured blocks around the blades, a
hex-dominant extruded grid on the hub, and tetrahedra
filling the remainder of the inner region. The outer region consists of structured blocks. The only significant
difference between the grids is in the structured blocks
around the blades where the wall spacing is reduced for
the higher Reynolds number. Node and cell counts for

each grid are given in Table 1. The low Reynolds number
grid on the blades and hub is shown in Figure 2.
Table 1: Node and cell counts for each grid

Nodes
Full
Inner
Grid Region

Full
Grid

Cells
Inner
Region

1.1×106

5.6M

3.9M

11.8M

9.6M

1.1×108

7.5M

5.8M

13.4M

11.8M

lations are shown in Tables 2 and 3. For the full scale
Reynolds number, the mean values from the participants
at the LR workshop have also been included. In each
case, the viscous and non-viscous contributions have also
been identified.
Table 2: Predictions of thrust and torque at Re = 1.1×106 . All
values in kN.

T
T nv
Tv
Q
Qnv
Qv

ANSYS CFX
116.3
119.3
3.0
88.1
69.8
18.3

OpenFOAM
117.8
120.8
3.0
88.8
70.4
18.4

RANS-BEM
119.6
122.2
2.6
86.0
70.2
15.9

Table 3: Predictions of thrust and torque at Re = 1.1×108 . All
values in kN.

T
T nv
Tv
Q
Qnv
Qv

Figure 2: The grid used in the RANS calculations.

At both Reynolds numbers, the boundary layer is fully
resolved with the average y + value over the propeller
blades at the lower Reynolds number being 0.75 for
ANSYS CFX and 0.375 for OpenFOAM (ANSYS CFX
used node-based values while OpenFOAM uses values at
the centroids of the cells, so the y + value for OpenFOAM
is half that of ANSYS CFX). At the higher Reynolds
number, the average y + value is 1.25 for ANSYS CFX
and 0.625 for OpenFOAM.
The grid for the OpenFOAM portion of the RANS-BEM
calculations was also generated using Pointwise. It is
fully structured with blocks aligned with the cylindrical
hub. It also contains an inner cylindrical region, of similar
size to the RANS grids, in which the mean cell dimension
is 0.025R.
The distance following streamlines from the trailing edge
to the downstream plane of the integration region varies
from about 1.5c at the root to about 6c at r = 0.95R,
where c is the chord length. The Reynolds number based
on the chord length and the inflow to the section varies
between 5×106 and 2.5×107 . Figure 1 then suggests that
the value of α used in the energy analysis should be
between 0.965 and 0.975; α = 0.97 was used.

ANSYS
CFX
122.3
123.8
1.5
80.0
70.8
9.2

OpenFOAM
123.5
125.0
1.5
80.5
71.7
8.8

RANSBEM
120.7
122.2
1.5
78.6
69.4
9.1

LR
W’kshop
120.6 ± 5.1
121.7 ± 5.0
1.5 ± 0.4
81.5 ± 4.4
73.7 ± 5.1
9.1 ± 0.7

At the higher Reynolds number, the predictions of thrust
and torque for all three calculations lie well within the
range of values obtained from the LR workshop. The
RANS-BEM values agree well with the RANS calculations with a maximum difference of about 2.5%.
At the lower Reynolds number, PROCAL underpredicts
the viscous portion of the torque leading to an overall
underprediction of the torque of about 3% relative to the
RANS calculations. Figure 3 shows streamlines of the
wall shear stress on the backs of the blades as calculated
by ANSYS CFX at both Reynolds numbers. At the lower
Reynolds number, the streamlines depart from circular
arcs and there is a separation region along the trailing
edge near the root, suggesting that there is significant
cross-flow. The flat plate analogy used by PROCAL to
estimate the viscous contributions will not work as well
in this case.
Re = 1.1×106

Re = 1.1×108

7.1 Thrust and Torque

The predicted thrust and torque from each of the calcu-

Figure 3: Streamlines on the backs of the blades

7.2 Terms in the Energy Equation

0.6

The terms in the energy equation, as evaluated over the inner cylindrical regions of the grids, are shown in Tables 4
and 5. For the OpenFOAM calculations, the terms were
evaluated using both surface integrals (Pc , Pp , Pvd ) and
V
volume integrals (PcV , PpV , Pvd
); they are labelled OF S
and OF V respectively. The terms for the RANS-BEM
coupling calculations were also evaluated using surface
and volume integrals, indicated by the labels RB S and
RB V. Using the volume integral formulation is not easy
in ANSYS CFX as its post-processor does not provide
a way of evaluating the viscous term of the momentum
equation. The principal energy terms are also shown
graphically in Figures 4 and 5 where each is given as a
fraction of PD .
Table 4: Comparison of energy terms at Re = 1.1×106 . All
values in kW.

PD
PS
Pai
Paa
Pr
Pvd
Pres

ANSYS
CFX
660.7
360.9
90.3
4.2
16.0
133.2
55.8

OF S

OF V

R-B S

R-B V

666.1
365.6
92.5
9.7
17.8
151.9
28.2

666.1
365.6
92.5
12.6
52.4
142.6
0.3

637.9
372.8
95.2
27.8
15.9
121.4
4.5

637.9
372.8
95.2
33.4
15.0
121.4
0.0

Table 5: Comparison of energy terms at Re = 1.1×108 . All
values in kW.

PD
PS
Pai
Paa
Pr
Pvd
Pres

ANSYS
CFX
600.2
379.4
96.7
6.6
15.2
67.3
35.0

OF S
604.0
383.5
98.5
11.4
15.3
69.3
25.9

OF V
604.0
383.5
98.5
4.0
48.5
69.3
0.0

R-B S
589.3
376.3
95.2
27.9
14.4
71.0
4.5

589.3
376.3
95.2
33.3
13.6
71.0
0.0

0.4

0.2

PS / PD
CFX

Pai / PD

Paa / PD

OF S

Pr / PD
OF V

Pvd / PD
RB S

0.2

0.0

PS / PD

Pai / PD

CFX

Pres / PD

Paa / PD

OF S

Pr / PD
OF V

Pvd / PD

Pres / PD

RB S

RB V

Figure 5: Terms in the energy equation given as a fraction of
PD : Re = 1.1×108 .

dissipation (Pvd ), especially at the higher Reynolds number. However, relative to the other calculations, the
RANS-BEM calculations overestimate the additional axial loss (Paa ), ANSYS CFX and OF S have a significantly
higher energy residual (Pres ), and OF-V predicts a much
larger flux of rotational energy (Pr ).
The cause of the high value of Pr in the OF-V calculation can be found by examining the terms ∆Pc , ∆Pp
and ∆Pvd giving the contribution of each of the energy
terms to the residual. Their values obtained from the
two OpenFOAM calculations are shown in Table 6. They
have been calculated for three different volumes: the unstructured portion of the integration region, the structured
inflation layers over the blades and hub, and the full
integration region.
Table 6: Breakdown of the OpenFOAM residuals.

R-B V

0.6

0.0

0.4

∆Pc
∆Pp
∆Pvd
Pres

Re
Uns.
30.4
0.2
0.5
31.1

= 1.1×106
Struc. Full
7.0
37.4
0.1
0.3
−10.0 −9.5
−2.9
28.2

Re = 1.1×108
Uns. Struc.
Full
19.0
6.5
25.6
0.2
0.1
0.3
0.1 −0.1
0.0
19.2
6.5
25.9

The contribution to the residuals from the pressure terms
is insignificant. The contribution from the viscous terms
is also small at the higher Reynolds number but more
significant at the lower Reynolds number. It originates
primarily in the inflation layers and is of opposite sign to
∆Pc ; cancellation between the two reduces the residual at
the lower Reynolds number. However, most of the residual comes from the convection of kinetic energy, Pc , and it
originates primarily in the unstructured portion of the grid.
The source of the large values of ∆Pc is the dissipation
that is inherent in the discretization of the convective
terms. Suppose that D(f ) represents the discretization of
∇(uf ) with a truncation error that is purely dissipative:

RB V

∇(uf ) = D(f ) + ∇ · (C∇f )
Figure 4: Terms in the energy equation given as a fraction of
PD : Re = 1.1×106 .

The agreement among the different calculation methods
is quite good for the ideal axial loss (Pai ) and the viscous

(42)

for some diffusion constant C. Then, with some algebra
it can be shown that
∆Pc = D(u) · ua − D(K a ) = C(∇ua ) : (∇ua ) (43)

This isotropic model of the truncation error is overly
simple but it strongly suggests that the dissipation inherent in the convective terms causes a positive residual
roughly equal to the power removed by that dissipation.
Furthermore, a breakdown of the convection residual into
axial, rotational and radial components (Table 7) shows
that most of the residual is in the rotational component so
that, relative to OF-S, the OF-V rotational flux is much
larger. There is also a redistribution of energy between
components that causes the radial residual to be negative
which slightly reduces the additional axial loss in OF-V.
Table 7: Components of the OpenFOAM convection residuals.

Re = 1.1×106
Re = 1.1×108
Uns. Struc. Full
Uns. Struc.
Full
Axial
8.5
0.9
9.4
6.9
1.2
8.1
Rot.
34.9
0.5
35.4
30.2
3.1
33.2
Rad. −13.0
5.7 −7.3 −18.1
2.3 −15.8
Total
30.4
7.0
37.4
19.0
6.5
25.6
The RANS-BEM grid is fully structured and nearly orthogonal and is much less dissipative than the RANS grid.
However, time-averaging the flow acts in the same way
as dissipation except, in this case, the energy it removes
appears in the additional axial loss. A small portion of
this (about 4.4kW) comes from the excess power due to
ta
time-averaging, PD
, which was apportioned, perhaps incorrectly, to Paa , but most of it is from a redistribution of
energy from the rotation flow to the axial and radial flow.
CONCLUSIONS

A methodology has been proposed that allows EBA to
be used when the flow has been calculated using RANSBEM coupling. In the simple test case that was used to
evaluate it, the method compares reasonably well with
full RANS calculations, especially at the higher Reynolds
number. However, the time-averaging of the flow field
causes an under-estimate of the rotational component of
the flow and an overestimate of the loss due to wake nonuniformity. Nevertheless, these discrepancies are similar
to those caused by the use of a strong conservation formulation of the energy equation unless one uses a very
fine grid that prevents dissipation of fine structures in the
wake.
This was a very simple test case and, to have a better understanding of the accuracy of the RANS-BEM
methodology, it will be necessary to perform similar comparisons for a more realistic case of a propeller operating
behind a ship.
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