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ABSTRACT

This study examines the propulsive efficiency of underwater vehicles which are driven by unsteady propulsors.
The analysis is focused on vehicles utilizing a novel
thruster which expels finite propulsive jets periodically.
This analysis also applies to swimming squid and jellyfish
(from which the thruster was inspired), and can also be
extended to any periodic unsteady propulsion. The vehicle
trajectory is solved analytically to calculate the exact
work output/input and it is observed that with unbounded
forcing there is an optimal thruster duty cycle, λ = 0.31,
which maximizes propulsive efficiency. This optimal duty
cycle is very close to the actual jetting duty cycle observed
in steadily swimming squid.
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INTRODUCTION

A vehicle with a high propulsive efficiency is clearly advantageous in almost any application, but the large spacial
scales and lack of support infrastructure in marine environments makes propulsive efficiency a critical factor for underwater vehicles. Propulsive efficiency is the ratio of the
useful propulsive work done on a vehicle to the total energy required to generate the propulsion. Useful propulsive
work is defined as the integral of propulsive force applied
to the vehicle over the vehicle trajectory, which is often
approximated as the product of propulsive force and total
distance traveled for steady propulsion mechanisms.
Traditional propulsive efficiency analysis led multiple researchers to the conclusion that low volume high velocity propulsive jets inherently negate a high propulsive efficiency Alexander (1968); Lighthill (1975); Vogel (2003);
however, empirical testing which determines propulsive
efficiency from PIV analysis of the wake behind swimming squid has shown that certain species have rather high
propulsive efficiency, averaging 69% ± 14% over multiple species and a range of swimming speeds Bartol et al.
(2009), and in some cases even rivaling propulsive efficiencies of nature’s long distance swimmers 78% for adult L.
brevis and 87% ± 6.5% for paralarvae L. brevis Bartol et al.

(2008).
A new type of thruster has been developed for use on underwater vehicles which is inspired by the locomotion of
squid and other cephalopods Mohseni (2004, 2006). This
thruster generates propulsive forces by successively ingesting and expelling jets of water from a cavity internal to the
vehicle hull, with only a small orifice exposed to the external flow. This type of thruster is advantageous because
it provides the vehicle with propulsive forces necessary for
accurate low speed maneuvering while maintaining a low
forward drag profile, which is necessary for efficient long
range transit. Furthermore, the thrust is generated nearly
instantaneously Krieg & Mohseni (2010) unlike propeller
thrusters Yoerger et al. (1990); Fossen (1991) and tunnel
thrusters Mclean (1991). The feasibility of this type of maneuvering system has been verified by several generations
of vehicles equipped with the thrusters shown in Figure
1 Mohseni (2006); Clark et al. (2009); Krieg & Mohseni
(2010); Krieg et al. (2011). All of these thruster iterations
generate fluid motion by actuating a flat plunger (or piston)
within the thruster cavity.
However, the propulsive efficiency of unsteady periodic
thrusting must be clarified before this technology can become commonplace.
This paper examines an unsteady propulsor which can be
described by periodic alternation between binary states (either on or off) with a given duty-cycle, acting on an underwater vehicle which travels in a single direction. After
some time the vehicle comes to a quasi-equilibrium state
with a steady average velocity (actual velocity oscillates
around this average). The vehicle trajectory is solved analytically in Section 2, and the useful propulsive work done
over this trajectory as well as the total energy required to
drive the thruster are calculated in Section 3. Section 4
presents the results of the propulsive efficiency calculations, and identifies optimal thruster duty cycles.
2

QUASI-STEADY VEHICLE TRAJECTORY

Any underwater vehicle which is subject to periodic constant forcing will experience an acceleration during the
time when the forcing is on, and a deceleration due to drag
forces during the time when the forcing is off. When the
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Figure 1: Progression of squid inspired thrusters developed for vehicle propulsion, moving
from oldest to most recent (a) initial design Mohseni (2004), (b) first successful vehicle
design Krieg et al. (2005), (c) improved capacity Clark et al. (2009), (d) most recent design
has simple and reliable driving mechanism Krieg et al. (2011).

vehicle is first accelerated from rest there is much more acceleration than deceleration and the average velocity over
the forcing cycle will increase from cycle to cycle. After some time the average velocity becomes high enough
that the deceleration phase becomes equivalent to the acceleration phase, and the average velocity remains constant
during all subsequent forcing cycles. We will refer to this
as a ‘quasi-equilibrium’ state because the average vehicle
velocity has reached equilibrium despite the continual oscillation in vehicle velocity over the cycle. As the most
simple case consider a vehicle which consists of a cylinder
which is forced and moves in a single direction, x, orthogonal to its axis of symmetry, as is depicted in Figure 2. The
equation of motion for this vehicle is just newton’s second
law including both thruster and drag forces,
1
Fdrag = − ρSCD ẋ |ẋ| .
2
(1)
Here F is the thruster force, Fdrag is the drag force, ρ is
the density of the fluid medium, S is the wetted area of
the vehicle, and CD is the drag coefficient. The drag coefficient is a function of Reynolds number, Re = ẋν/ds ,
which is well known for a cylinder in cross flow, and can
be approximated as a constant for high Re flow or inversely
proportional to Re for low Re flow.
mẍ = F (t) + Fdrag ,

{
CD ≈

and

0.81
10ν
dẋ

: High Re
: Low Re

Fdrag
ds

Figure 2: Hypothetical vehicle with one degree of freedom
(in the x direction).

(2)

Though the shape of the vehicle is chosen to be a cylinder
for simplicity, it is actually a decent representation of the
vehicle since the thrusters of this study provide maneuvering forces without compromising the streamlined shape of
the vehicle, as is shown in Figure 3.
2.1

x
F

Thruster Force

This investigation is focused on a new type of thruster
which is inspired by the locomotion of squid and jellyfish. The nature of the propulsive jet, and consequently the
thrust output, is observed to depend greatly on the nozzle
configuration partially due to the resulting radial velocity

Thrusters
Accoustic Receiver
and Transmitter

Figure 3: The most recent vehicle to be developed using
squid inspired thrusters at the University of Florida, described in great detail in Krieg et al. (2011).
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Krieg & Mohseni (2013). An orifice nozzle, which consists of a flat plate with a central circular orifice, creates
a jet flow with radially converging streamlines; whereas,
a cylindrical tube nozzle creates a nearly parallel jet flow.
This study will only consider the orifice nozzle configuration because tube nozzles would extend into the surrounding flow, compromising the low drag vehicle shape. In addition the converging radial velocity generated by an orifice
nozzle is observed to result in larger impulse than a parallel jet with identical volume flux Krieg & Mohseni (2012).
The thrust generated is equal to the rate at which hydrodynamic impulse, I, is created in the propulsive jet, which
is not in general equal to momentum transfer across the
jetting area. As is derived by Krieg & Mohseni Krieg &
Mohseni (2013), the rate at which hydrodynamic impulse
is generated is,
]
∫ ∞[
∂v 2
dI
2
2
=π
2u r + u r − v r
dr ,
(3)
dt
∂x
0
x=x0
where u and v are the axial and radial velocity corresponding to point [r, x]T in an axisymmetric coordinate system,
respectively. The surface integral is computed over the
thruster exit plane. Krieg & Mohseni Krieg & Mohseni
(2013) parameterized the axial velocity profile at the exit
of multiple nozzle configurations in terms of the single parameter b, and the radial velocity profiles by the parameters
k1⋆ and k2⋆ . Though we will not go through the details of the
parameterization in this paper, it suffices to understand that
a low value of b corresponds to a parabolic profile (fully
developed pipe flow), and approaches a uniform profile as
b approaches infinity. A larger value of k1⋆ corresponds to a
flow with a larger radial velocity v relative to the axial velocity scale, and a larger value of k2⋆ corresponds to a larger
value of the gradient ∂v/∂x relative to the axial velocity
scale. The scale of the axial velocity is the piston velocity
which is defined up = Ω/πR2 , for a jet with volume flux
Ω expelled through a circular area of radius R. Using this
parameterization the thrust output can be calculated as,
(
)
dI
k2⋆ − k1⋆2
2 2
F =
= ρπup R g(b) +
,
(4)
dt
4
and g(b) is a function of Bessel functions defined in Krieg
& Mohseni (2013). It was also shown in Krieg & Mohseni
(2013) that jets ejected through orifice nozzles generated
relatively steady velocity profiles, meaning that b, k1⋆ , and
k2⋆ can all be considered constants for a given thruster arrangement. Therefore, we will(combine these )terms under
k⋆ −k⋆2
a single coefficient, CF = ρπ g(b) + 2 4 1 .
Unlike continuous jet propulsion systems commonly used
in recreational watercraft, the thrusters discussed here create a propulsive jet from a finite volume of fluid, and after
the pulsation has terminated the internal cavity is refilled
through the same opening used for jetting. The period of
the entire pulsation cycle is given by T , and the duty cycle,

λ, is the ratio of the time spent jetting to the time spent refilling. During the refilling phase the ingested fluid starts
at rest in the surrounding fluid environment, and ends at
rest inside the thruster cavity so the net momentum transfer to the vehicle, and average thrust during refilling, can
be considered zero. It should be noted when the vehicle is
in motion there is a net momentum transfer associated with
bringing the ingested fluid to the vehicle velocity; however,
for all cases it is assumed that the jetting velocity is much
larger than the average vehicle velocity up ≫ Ū , so the
average refilling thrust is still negligible compared to the
jetting thrust.
We will restrict our attention to the case where the jet is
expelled with a constant piston velocity for the duration of
pulsation making the jetting force constant over the jetting
phase, and nugatory over the refilling phase,
{
F (t) =

CF u2p R2
0

: 0 ≤ t ≤ λT
: λT < t ≤ T

.

(5)

Though this paper focuses on a specific type of underwater thruster, the analysis is easily adaptable to any unsteady
propulsor whose thrust output can be described by a periodic oscillation between binary states (on or off).
2.2

Low Re Vehicle Trajectory

In the low Reynolds number regime the drag coefficient on
the vehicle is approximately inversely proportional to Re.
We will consider the vehicle to be in a quasi-equilibrium
state, and denote the maximum and minimum velocities
encountered at the end of the thrusting and coasting phases
by U1 and U0 , respectively. During the jetting phase the
vehicle dynamics can be written,
ẍ =

CF u2p R2
CV
−
ẋ ,
m
m

(6)

where CV is a coefficient which is vehicle specific, CV =
5ρSν/d. Using the initial condition which flows naturally
from the quasi-equilibrium conditions, ẋ(0) = U0 , the analytical solution of (6) is,
ẋ(t) = U0 e−

CV
m

t

+

)
CV
CF u2p R2 (
1 − e− m t .
CV

(7)

During the coasting phase the governing vehicle equation
is the same as (6) with the thruster forcing term removed.
Solving this equation with the final condition ẋ(T ) = U0
provides the vehicle trajectory during the coasting phase,
ẋ(t) = U0 e

CV
m

T (1−λ)

.

(8)

Finally, imposing the condition that both velocities are
equal to U1 and eachother at t = λT allows the velocity
extrema, U0 and U1 , to be solved in terms of the thruster
and vehicle characteristic parameters, the pulsation period,
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and duty cycle.
Γ= ∫ u ds

C

CF u2p R2 e− mV λT − 1
U0 =
,
CV
CV
e− m T − 1
U1 =

CF u2p R2

e

−

CV
m

T

−e

e−

CV

CV
m

−
T

(9a)

CV
m

T (1−λ)

,

−1

and the vehicle trajectory is,
{
CV
CF u2p R2
1 + e− m t A :
ẋ(t) =
CV
CV
e m T −t B
:

(9b)

Fluid
Intake
Axis of Symmetry

[0 : λT ]
,
[λT : T ]
(10a)

where,
A=

e

CV
m

λT

e

CV
m

−e
T

CV
m

T

−1

, and B =

e

CV
m

e

CV
m

−1

λT
T

−1

. (10b)

Now the velocity of the vehicle can be given at any time
in terms of the thruster/vehicle parameters, the pulsation
period, and duty cycle.
3

PROPULSIVE
TIONS

EFFICIENCY

CALCULA-

Propulsive efficiency is defined as the ratio of useful
propulsive work done on a vehicle, Wprop , to the total energy, or shaft work, WS , required to generate the propulsion,
Wprop
ηP =
.
(11)
WS
This section defines both of these quantities in terms of the
pulsation period, T , and duty cycle, λ.
3.1

Useful Propulsive Work

Useful propulsive work is the integral of the propulsive
force over the vehicle trajectory, which by change of variables is the integral of the product of force and velocity
over the pulsation time,
∫

∫

x(λT )

Wprop =

λT

F (x) dx =
x(0)

F (t)ẋ dt .

(12)

0

Since both the thruster force and vehicle velocity are
known functions of time, equations (5) and (10) defined respectively in the previous section, the propulsive work can
be calculated directly,
Wprop

[
]
CF2 u4p R4
m
C
=
λT −
,
CV
CV e CmV T − 1

(13a)

where,
C =1−e
3.2

CV
m

λT

−e

CV
m

T (1−λ)

Rp

Orifice
Nozzle

Plunger
Motion

up

+e

CV
m

T

.

(13b)

Total Energy Expenditure

The energy required to generate the propulsion is the sum
of the shaft work spent jetting, WSJ , and the shaft work

Pp

r

x

R

P0

Figure 4: Schematic diagram of the internal thruster geometry and driving mechanism
spent refilling, WSR . The rate at which work must be applied during jetting was also derived by Krieg & Mohseni
Krieg & Mohseni (2013), for the same velocity parameterization as was used to describe the thruster force,
(
)
ρπ 3 2
k⋆
dE
=
up R h(b) + 2 ,
(14)
ẆSJ =
dt
2
2
where h(b) is another function reported in Krieg &
Mohseni (2013). Taking the constant piston velocity into
account, the total shaft work exhausted during jetting is,
WSJ = ẆSJ λT .
During the refill phase the thruster must ingest the same
volume of fluid that is ejected during the jetting phase. Assuming that the volume flux is constant during this period
as well, then the piston velocity required for refilling is
λ
up (refill) = −up 1−λ
. The net momentum transfer during refilling is equal to zero because, in general, fluid at
rest outside the thruster cavity is drawn into the cavity, and
then returned to a zero momentum state. Though this is
not exactly the case when the thruster creates a jet with a
stroke ratio above the formation number Krieg & Mohseni
(2008), we will limit our analysis to cases where the stroke
ratio is at or below the formation number. However, the energy spent refilling as well as the final kinetic energy of the
fluid within the cavity is not equal to zero during the refilling phase. Calculating the energy spent refilling requires a
knowledge of the pressure on the moving plunger surface,
as will be shown later in this derivation. We will derive this
pressure first.
Consider the fluid domain internal to the thruster cavity as
depicted in Figure 4. The axis of symmetry is by definition a streamline for axisymmetric flows, meaning that the
velocity along this line can be described by a velocity potential, u(0, x) = ∂ϕ/∂x. From Bernoulli’s equation we
can equate the pressure on the plunger/piston surface, Pp ,
to the pressure at the nozzle outlet, P0 ,
∂ϕp
1
∂ϕ0
1
+ u2p + Pp =
+ u20 + P0 .
∂t
2
∂t
2

(15)

Integrating the definition of the velocity potential allows us
to relate the velocity potentials at the plunger and nozzle
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∫0
locations by a velocity line integral, ϕp = ϕ0 − xp u dx.
Though the velocity along the axis of symmetry is difficult
to determine explicitly, the velocity integral is contained in
the cavity circulation. The circulation in the thruster cavity is defined as the closed loop velocity integral around the
∫0
∫R
area (see Figure 4), which is just Γcav = xp u dx+ 0 v dr
since the fluid velocity is zero along all of the cavity surfaces. Taking both of these relations into account in (15)
allows the pressure on the plunger to be determined from
cavity circulation and characteristic velocities,
1
1
∂Γcav
Pp = P0 + u20 − u2p +
+
2
2
∂t

∫
0

R

∂v
dr .
∂t

(16)

The rate at which circulation is generated in the cavity is
equal to the flux of vorticity across the nozzle plane,
1
∂Γcav
= − u20 −
∂t
2

∫

R

u
0

∂v
dr .
∂x

(17)

Finally an equation for the pressure on the plunger face is
realized by inserting this relation into (16),
]
∫ R[
1 2
∂v
∂v
Pp = P0 − up +
−u
dr .
(18)
2
∂t
∂x x=0
0
If the circulation of the fluid is unaffected by the refill
phase, which is a reasonable assumption since we are only
considering jets below the formation number, then it follows from the derivation in Krieg & Mohseni (2013) that
the nozzle exit plane pressure at the centerline, P0 , is equal
to the stagnation pressure, P∞ . Furthermore since there is
no radial velocity at the surface of the plunger the pressure
is constant over the entire plunger face.
The shaft work required during the refill phase is equal to
the rate of change of kinetic energy in the cavity (again
assuming that the refilling does not affect the kinetic energy
of the external fluid). Since the cavity volume involves a
moving boundary Reynolds transport theorem is used to
calculate the rate of change of volume energy,
(
)
∫
∫
1 dE
∂ 1 2
1
=
⃗u
dV +
⃗ub ·⃗n ⃗u2 dS , (19)
ρ dt
2
2
cav ∂t
δcav
where ⃗ub is the velocity of the boundary, ⃗n is the boundary
surface normal, the first integral term is a volume integral
taken over the entire thruster cavity volume, and the second
is a surface integral over the cavity boundaries. Assuming
inviscid incompressible fluid allows the volume integral to
be reduced to a surface integral involving the fluid velocity
and the pressure Lamb (1945); Landau & Lifshitz (1959),
(
)
∫
∫
1 dE
1 2
1
=
⃗u + P ⃗u ·⃗n dS +
⃗ub ·⃗n ⃗u2 dS .
ρ dt
2
2
δcav
δcav
(20)
Since the only moving boundary is the plunger face, and
the fluid on that boundary is moving with the same velocity,
the flux terms cancel with the moving boundary terms here

and we are left with a pressure integral along the plunger
boundary and a typical flux integral along the nozzle exit
boundary,
[(
) ]
∫ R
1 dE
1 2 1 2
=
2πr
u + v + P (r) u
dr
ρ dt
2
2
0∫
x=0
Rp
+
2πrPp up dr .
0

(21)
The plunger surface pressure, Pp , is given by 18, and the
pressure at the nozzle exit boundary (x = 0) can be found
by integrating the momentum equation in the radial direction, starting from stagnation pressure on the centerline,
∫ r ∂v
1
2
+ ∂v
P (r, 0) = P0 − 0 u ∂x
∂t dϖ − 2 v(r) , where ϖ is
just a dummy variable in the radial direction. Using these
values for the pressure terms and the same velocity parameterization at the nozzle exit plane that was used to characterize the jet energy, then the rate of work being done
during refilling is defined,
[
]
ρπ 3 λ3
3k2⋆
R4
2
(22)
ẆSR =
u
R h(b) +
+ 4
2 p (1 − λ)3
2
Rp
It should be noted that the kinetic energy of the fluid within
the cavity will be decreased significantly due to viscous interactions at the cavity surfaces throughout refilling. However, since this loss in fluid energy is dissipated rather than
being returned to the plunger mechanism, this will have no
effect on the shaft work required to move the fluid which
can be calculated from the kinetic energy of inviscid cavity
fluid.
Putting the shaft work during jetting and the shaft work
during refilling together and assuming that the velocity parameters b and k2⋆ are identical for jetting and refilling, we
arrive at an expression for the total shaft work required for
an entire pulsation cycle,

(
)
λ3
 h(b) λ +
2
ρπ 3 2 
(1 − λ) )
(
WS =
up R T 
 k⋆
2
3λ3
λ3
R4

+ 2 λ+
+ 4
2
2
Rp (1 − λ)2
(1 − λ)
(23)
4

RESULTS

In order to examine the effect of unsteady propulsor duty
cycle on propulsive efficiency we consider cases with identical vehicle and thruster parameters (CV , CF , and CE ) as
well as identical periods of pulsation cycle. For these cases
we also want to guarantee that the vehicle travels the same
distance over the entire cycle independent of duty cycle,
which means that the piston velocity must be increased for
1/2
the low duty cycle cases by the amount up = up0 [1/λ] .
up0 is the piston velocity of the case where the jet is expelled for the entire period and the vehicle velocity is constant (λ = 1). Using these values for piston velocity,
and typical values for vehicle and thruster parameters characterized in Krieg & Mohseni (2013, 2008); Krieg et al.

22




.



180

Useful Propulsion
Jetting Shaft Work
Refill Shaft Work

25
160
20

Useful Propulsion
Jetting Shaft Work
Refill Shaft Work

120
100

Work (gcm2/s2)

Work (gcm2/s2)

140

80
60
40

15

10

5

20
0

0
0

0.2

0.4

0.6

0.8

1

Duty Cycle (λ)

0.7

Propulsive Efficiency

0.6

0.5

0.4

0.3

0.2

0.1

0

0.2

0.4

0.6

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Duty Cycle (λ)

Figure 5: Useful propulsive work done on the vehicle as
well as the total energy spent jetting and refilling, while
maintaining total distance traveled in a pulsation cycle.
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Figure 6: Propulsive efficiency plotted with respect to the
duty-cycle, while maintaining total distance traveled in a
pulsation cycle.

(2011), the propulsive work and total work done are calculated for the entire range of duty cycles.
It is expected that the propulsive work done on the vehicle is identical for the entire range of duty cycle, since the
vehicle travels the same distance over the same period of
time for all cases. This is the case as is shown in Figure 5. This figure also shows the shaft work required during both jetting and refilling. Since the useful propulsive
work is identical for all cases, the propulsive efficiency will
be maximized when the total energy expenditure is minimized, which is the sum of the shaft work spent jetting
and the shaft work spent refilling. The shaft work required
for jetting decreases with increasing duty cycle, but the
shaft work required to refill the cavity grows with increasing duty cycle, suggesting that the total energy expenditure
should have a local minimum over the duty cycle range,
which will result in a maximum propulsive efficiency.

Figure 7: Useful propulsive work done on the vehicle as
well as the total energy spent jetting and refilling, while
holding thruster force constant.

Figure 6 shows the propulsive efficiency over the range of
duty cycle cases, and there is a local maximum at λ = 0.39
corresponding to the minimum in total energy expenditure.
It can be extrapolated from Figures 2 & 5 in Anderson &
DeMont (2000) that the squid Loligo pealei has a jetting
duty cycle of λ = 0.36 during normal cruising, and increases its duty cycle to λ = 0.5 during escape jetting. This
indicates that during cruising squid alternate between jetting and coasting/refilling with a duty cycle that maximizes
propulsive efficiency for quasi-equilibrium swimming. It
should be noted that the squid’s maximum jetting velocity is limited by the muscular performance in the mantle
tissue. During escape jetting, the faster swimming velocity required to move the animal out of harms way can be
achieved by increasing the jet velocity and maintaining the
optimal duty cycle, but if this is beyond the capability of the
squid mantle, then the duty cycle must be increased to increase propulsive output. Instead of maintaining a uniform
propulsive output, we can look at the effect of changing
duty cycle with a constant piston velocity (corresponding
to the maximum thrust output).
Figure 7 shows the useful propulsive work, shaft work exhausted during jetting, and shaft work spent refilling for the
cases where the jetting thrust is held to some constant maximum value, up0 . It can be seen that the propulsive work is
no longer constant, and exponentially increases with duty
cycle, since increasing duty cycle not only increases the total impulse transfer, but also decreases the time spent coasting where kinetic energy is lost to drag forces. The energy
spent jetting increases linearly and the energy spent refilling is very similar to the previous cases. Figure 8 shows the
propulsive efficiency for the case of constant jetting thrust,
and it can be seen that taking this maximum jet velocity into
account results in a slightly lower maximum propulsive efficiency which occurs at a higher duty-cycle λ = 0.44.
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Figure 8: Propulsive efficiency plotted with respect to the
duty-cycle, while holding thruster force constant.
CONCLUSIONS

The propulsive efficiency of a vehicle being driven by a
periodic application of force is characterized as it relates
to forcing duty cycle. It is observed that for an unbounded
force the duty cycle which maximizes propulsive efficiency
is λ = 0.39, which is very close to the duty cycle seen
in steadily swimming squid. If the forcing is bounded by
some maximum value, the optimal duty cycle is shifted
higher and corresponds to a lower overall efficiency. This
explains the higher duty cycle seen in squid during escape
jetting. This derivation requires that the vehicle trajectory
be solved analytically which was done for low Re swimming. Future studies will expand this analysis to higher Re
swimming.
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